
 
  

    
NON-ABELIAN TENSOR GAUGE FIELDS 

   
ENHANCED  SYMMETRIES 

  
  

 George Savvidy 
 

Demokritos National Research Center 
Institute of Nuclear Physics 

Plato Laboratory for Theoretical Physics 
Ag. Paraskevi, GR-15310 Athens,Greece  

 
 Abstract 
 
 We define a group of extended non-Abelian gauge transformations for tensor gauge fields. 

On this group one can define generalized field strength tensors, which are transforming 
homogeneously with respect to the extended gauge transformations. The generalized field strength 
tensors allow to construct two infinite series of gauge invariant quadratic forms. The invariant 
Lagrangian is a linear sum of these forms and describes interaction of tensor gauge fields of 
arbitrarily large integer spins 1,2,... . It does not contain higher derivatives of the tensor gauge fields, 
and all interactions take place through three- and four-particle exchanges with dimensionless 
coupling constant. The first term in this sum is the Yang-Mills Lagrangian and the whole 
construction generalizes the Yang-Mills theory. 

The invariance with respect to the extended gauge transformations does not fix some of the 
coefficients in the Lagrangian. There is a freedom to vary them without breaking the extended gauge 
symmetry. We demonstrate that by an appropriate tuning of these coupling constants one can 
achieve an enhancement of the extended gauge symmetry. This leads to highly symmetric equations. 
We present the explicit form of the free equations for the rank-2 and rank-3 gauge fields. Their 
relation to the Schwinger free equation for Abelian rank-3 gauge field is discussed. 
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1   Introduction 
 
It is well understood, that the concept of local gauge invariance allows to define non-Abelian 

gauge fields [1], to derive their dynamical field equations and to develop a universal point of view 

on matter interactions as resulting from the exchange of gauge quanta of different forms. It is 

appealing to extend the gauge principle so that it will define the interaction of matter fields which 

carry not only non-commutative internal charges, but also high spins. This extension will induce the 

interaction of matter fields mediated by a charged gauge quanta carrying a spin larger than one [2, 3, 

4]. 

In this approach the gauge fields are defined as rank- 1)( +s  tensors [2, 3, 4]  

 1,2,.....=     ,...1
sAa

sλμλ  

and are totally symmetric with respect to the indices sλλ ...1 . A priory the tensor fields have no 

symmetries with respect to the first index μ . The index s  runs from zero to infinity. The first 

member of this family of the tensor gauge bosons is the Yang-Mills vector boson aAμ . This is an 

essential departure from the previous considerations, in which the higher-rank tensors were totally 

symmetric [8, 9, 10, 11, 12, 13, 14, 15, 17, 18]. The literature devoted to the high spin field theory is 

extensive [22, 23, 24, 25, 26, 27, 28, 29, 30, 31, 32, 33, 34, 35]. On resent development of the high 

spin field theory associated with the string theory can be found in references [36, 37, 38, 39, 41, 44, 

45, 46, 47, 48]. 

The extended non-Abelian gauge transformation of the tensor gauge fields [2, 3, 4]  

 a

s
A λλμλξδ ...21

  

is defined by the equation (4) and comprise a closed algebraic structure, because the commutator of 

two transformations can be expressed in the form  

 
ss

AigA λλμλζλλμλξη δδδ ...21...21
  =  ], [ −  

where the gauge parameters }{ζ  are given by the matrix commutators (6). This allows to define 

generalized field strength tensors (7) [2, 3, 4]  
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 a

s
G λλμν ...1,  

which are  transforming homogeneously (8) with respect to the extended gauge transformations (4). 

The field strength tensors a

s
G λλμν ....1,  are used to construct two infinite series of gauge 

invariant quadratic forms [2, 3, 4, 5, 6]  

 1,2,3...=       sLs  

and  

 2,3,...=       ' sLs  

Each term of these infinite series is separately gauge invariant with respect to the generalized gauge 

transformations (4). These forms contain quadratic kinetic terms and nonlinear terms describing 

nonlinear interaction of the Yang-Mills type. In order to make all tensor gauge fields dynamical one 

should add all these forms together. Thus the gauge invariant Lagrangian describing dynamical 

tensor gauge bosons of all ranks has the form   

 ,    = ''

2=1=
ss

s
ss

s
LgLgL ∑∑

∞∞

+  (1) 

 where YMLL ≡1  is the Yang-Mills Lagrangian. 

It is important that: i)  the Lagrangian does not contain higher derivatives of tensor gauge 

fields ii) all interactions take place through the three- and four-particle exchanges with 

dimensionless coupling constant g iii) the complete Lagrangian contains all higher-rank tensor 

gauge fields and should not be truncated iv) the invariance with respect to the extended gauge 

transformations does not fix the coupling constants sg  and '
sg . 

The coupling constants sg  and '
sg  remain arbitrary because every term of the sum is 

separately gauge invariant and the extended gauge symmetry alone does not fix them. This means 

that there is a freedom to vary these constants without breaking the initial gauge symmetry. The 

important question to which we should address ourselves here is the following:  Can we achieve the 

enhancement of the initial gauge symmetry properly tuning the coupling constants sg  and '
sg  ? 

Let us consider a simple example: the sum of two 2Z  invariant forms 2'2 yggx +  exhibits the 

(1)U  invariance if we choose '= gg  so that the initial symmetry is elevated to a one parameter 

family of continuous transformations. A less trivial example is a linear sum of Poincaré invariant 

forms comprising a SUSY invariant Lagrangian. One can find other examples of the same 

phenomena when a linear sum of invariant forms of the initial group G exhibits a symmetry with 
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respect to a larger group GG ⊃  when the coefficients are properly tuned. A similar phenomena 

appears in our system. 

Indeed let us consider a linear sum of two gauge invariant forms in (1)  

 '
2

'
222 LgLg +  

which describes the rank-2 tensor gauge field aAμλ . As we have found in [2, 3, 4] one can chose the 

coupling constants 2g  and '
2g  so that the sum '

2
'
222 LgLg +  exhibits invariance with respect to a 

bigger gauge group1. This means that in addition to full extended gauge group (4), which we had 

initially, now we have bigger gauge group with double number of gauge parameters [2, 3, 4, 7]. The 

explicit form of the free field equation for the rank-2 tensor gauge field is given by equation (??). It 

was then demonstrated that it describes propagation of two polarizations of helicity-two and 

helicity-zero massless charged tensor gauge bosons. This result will be recapitulated in the third 

section. 

Our aim now is to extend this construction to the rank-3 tensor gauge field. We shall 

consider the linear sum  

 '
3

'
333 LgLg +  

and shall demonstrate that for an appropriate choice of the coupling constants 4/3=/= 3
'
33 ggc  the 

system have an enhanced gauge symmetry. The explicit description of this symmetry together with 

the corresponding free field equation (51) for the rank-3 tensor gauge field will be given in the forth 

and fifth sections. Its relation to the Schwinger equation for the symmetric rank-3 tensor gauge field 

is discussed in the last seventh section. 

First let us recapitulate the construction of the general Lagrangian L  in (1). 

 

2   Non-Abelian Tensor Fields 

 

The gauge fields are defined as rank- 1)( +s  tensors [2, 3, 4]  

 0,1,2,...=     ),(...1
sxAa

sλμλ  

and are totally symmetric with respect to the indices sλλ ...1 .  A priory the tensor fields have no 

symmetries with respect to the first index μ . The index a  numerates the generators aL  of the Lie 

                                            
1 1=/= 2

'
22 ggc . 
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algebra of a  compact2 Lie group G. 

One can think of these tensor fields as appearing in the expansion of the extended gauge 

field )(xAμ  over the unite tangent vector λe  [2, 3, 4]:   

 . )( =)( ...1...1
0=

a

s

a

s
s

LxAxA λλλμλμ ∑
∞

 (2) 

 The gauge field a

s
A λμλ ...1

 carries indices sa λλ ,...,, 1  labeling the generators of  extended current 

algebra G  associated with compact Lie group G. It has infinite many generators 
s

aa

s
eeLL λλλλ ...=

1...1
 

and the corresponding algebra is given by the commutator [4] 3   

 .=],[ ...1...1...1...1

c

ks

abcb

k

a

s
LifLL ρρλλρρλλ  (3) 

 

 The extended non-Abelian gauge transformations of the tensor gauge fields are defined by 

the following equations  [2, 3, 4]:   

      ,)(= bcacbaba AgfA ξδδ μμμ +∂  (4) 

 ,)(= bcacbbcacbaba AgfAgfA ξξδδ μννμμμν ++∂  

 ),()(= bcbcbcacbbcacbaba AAAgfAgfA ξξξξδδ μνλνμλλμννλμμμνλ ++++∂  

 ......................................  

 where )(...1
xa

sλλξ  are totally symmetric gauge parameters. These extended gauge transformations 

generate a closed algebraic structure. To see that, one should compute the commutator of two 

extended gauge transformations ηδ  and ξδ  of parameters η  and ξ . The commutator of two 

transformations can be expressed in the form [2, 3, 4]   

 
ss

AigA λλμλζλλμλξη δδδ ...21...21
  =  ], [ −  (5) 

 and is again an extended gauge transformation with the gauge parameters }{ζ  which are given by 

the matrix commutators   

 ],[= ξηζ  (6) 

 ],[],[=
111
ξηξηζ λλλ +  

 ],,[],[],[],[= ξηξηξηξηζ νλνλλννλνλ +++  

                                            
2The algebra g(  possesses an orthogonal basis in which the structure constants abcf  are totally antisymmetric. 
3See also the alternative expansions in [10, 11, 19, 20, 21, 37] and the algebras based on diffeomorphisms group in [38, 
39, 35, 40]. 
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 .................................  

  The generalized field strengths are defined as [2, 3, 4]   

 ,  = cbabcaaa AAgfAAG νμμννμμν +∂−∂  (7) 

 ),    (=,
cbcbabcaaa AAAAgfAAG νμλνλμμλννλμλμν ++∂−∂  

 ),      (=,
cbcbcbcbabcaaa AAAAAAAAgfAAG νμλρνλμρνρμλνλρμμλρννλρμλρμν ++++∂−∂  

 ...................................................  

 and transform homogeneously with respect to the extended gauge transformations (4). The field 

strength tensors are antisymmetric in their first two indices and are totally symmetric with respect to 

the rest of the indices. 

The inhomogeneous extended gauge transformation (4) induces the homogeneous gauge 

transformation of the corresponding field strength (7) of the form [2, 3, 4]   

 cbabca GgfG ξδ μνμν =  (8) 

 ),  (= ,,
cbcbabca GGgfG λμνλμνλμν ξξδ +  

 )  (= ,,,,
cbcbcbcbabca GGGGgfG λρμνλρμνρλμνλρμνλρμν ξξξξδ +++  

 ...,..............................  

 The field strength tensors are antisymmetric in their first two indices and are totally symmetric with 

respect to the rest of the indices. The symmetry properties of the field strength a

s
G λλμν ...1,  remain 

invariant in the course of this transformation. 

These tensor gauge fields and the corresponding field strength tensors allow to construct two 

series of gauge invariant quadratic forms. The first series is given by the formula [2, 3, 4]:   

 .......  14= ...1,...1,1 +−+
a

s

a

ss GGL λλμνλλμν  

 , ).......(   14= 21221
2...1,...1,

2

0=

sisiii

sp

a

si

a

i

s
i

s

i

GGa
λλλλ

λλμνλλμν ηη −

′
+ ∑∑−  (9) 

 where the sum ∑ p
 runs over all nonequal permutations of si′ , in total !1)!(2 −s  terms and the 

numerical coefficients are )!(2!!= isisas
i − . 

The second series of gauge invariant quadratic forms is given by the formula [2, 3, 4, 6]:   

 .......  14=
1...1,21...2,1

'
1 +

+++
a

s

a

ss GGL λλμλλλμλ  

 , ).......(   18= 221221
'

22...2,1...2,11

12

1=

++

′
+++−

+

∑∑ sisiii

sp

a

sii

a

i

s
i

s

i

GGa
λλλλ

λλμλλλμλ ηη  (10) 
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 where the sum ∑'

p
 runs over all nonequal permutations of si′ , with exclusion of the terms which 

contain 1,1 +iλλη . 

In order to make all tensor gauge fields dynamical one should add the corresponding kinetic 

terms. Thus the invariant Lagrangian describing dynamical tensor gauge bosons of all ranks has the 

form   

 ,    = ''

2=1=
ss

s
ss

s
LgLgL ∑∑

∞∞

+  (11) 

 where YMLL ≡1 . 

It is important that: i) the Lagrangian does not contain higher derivatives of tensor gauge 

fields ii) all interactions take place through the three- and four-particle exchanges with 

dimensionless coupling constant g iii) the complete Lagrangian contains all higher-rank tensor 

gauge fields and should not be truncated iv) the invariance with respect to the extended gauge 

transformations does not fix the coupling constants sg  and '
sg . 

The coupling constants sg  and '
sg  remain arbitrary because every term of the sum is 

separately gauge invariant and the extended gauge symmetry alone does not fix them. This means 

that we have a freedom to chose these constants without breaking the initial gauge symmetry. The 

important question which should be addressed here is the following:  Can we achieve the 

enhancement of the gauge symmetry tuning the coupling constants sg  and '
sg  ? 

Let us consider a linear sum of two gauge invariant forms in (1)  

 , '
2

'
222 LgLg +  

which describes the rank-2 tensor gauge field aAμλ . As we have found in [2, 3, 4] one can choose the 

coupling constants 2g  and '
2g  so that the sum '

2
'
222 LgLg +  exhibits invariance with respect to a 

bigger gauge group (see the next section for details, where we will demonstrate that 1=/= 2
'
22 ggc ). 

This means that in addition to full extended gauge group (4), which we had initially, now we have a 

bigger gauge group with double number of gauge parameters. It was then demonstrated that the 

corresponding kinetic term describes propagation of two polarizations of helicity-two and helicity-

zero massless charged tensor gauge bosons. 

In summary the gauge invariant Lagrangian for the lower-rank tensor gauge fields has the 

form [2, 3, 4]:   

 aa GGLLLL μνμν14== '
221 −++  (12) 
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 aaaa GGGG λλμνμνλμνλμν ,,, 1414 −−  

 .121414 ,,,,,
aaaaaa GGGGGG νλμλμνλμλνμννμλλμν +++  

 The equations of motion which follow from this Lagrangian are:   

 bcacbbbbabbab GAgfGGGG λμνμλνλλμμλνλλλμνμμνμ ,,,, )(12 +++∇+∇  (13) 

 )(12 ,,,,
bcbcbcbcacb GAGAGAGAgf λμλμνμμνλλμλνμλνμλμλ +++−  

 0=)(12 bcbcbcacb GAGAGAgf λμμνλνλμμλμνμλλ +++  

  and for the second-rank tensor gauge field aAνλ :   

 )12( ,,,,,
babbabbabbabbab GGGGG ρμρμνλμμνλμλνμνμλμλμνμ η ∇+∇+∇+∇−∇  

 0.=)(12 bcbcbcbcacbbcacb GAGAGAGAgfGAgf μρμρνλμνλμλνμμμλμνμνμλ η+++−+  (14) 

 The variation of the action with respect to the third-rank gauge field aAνλρ  will give the equations   

 0.=)12()12( babbabbabbabbab GGGGG νρλνλρμρμλνμλμνρμνμλρ ηηη ∇+∇+∇+∇−∇  (15) 

 Representing this system of equations in the form   

 aaaaa jFFFF ννλλμμλνλλλμνμμνμ =)(12 ,,, ++∂+∂  (16) 

 aaaaaa jFFFFF νλρμρμνλμμνλμλνμνμλμλμνμ η =)12( ,,,,, ∂+∂+∂+∂−∂  

 ,=)12()12( aaaaaa jFFFFF νλρνρλνλρμρμνλμλμνρμνμλρ ηηη ∂+∂+∂+∂−∂  

 where aaaaaaaaa AAFAAFAAF μλρννλρμλρμνμλννλμλμνμννμμν ∂−∂∂−∂∂−∂ = ,= ,= ,,  , we can find the 

corresponding conserved currents   

 )(= cbabccbabca AAgfGAgfj νμμμνμν ∂−−  (17) 

 )(12)(12 ,,,,,,
aaacccbabc IIIGGGAgf νλλμμλνλλλμνμνλλμμλνλλλμνμ ++∂−++−  

 )(12 ,,,,,
cbcbcbcbabccbabc GAGAGAGAgfGAgf λμλμνμμνλλμλνμλνμλμλλμνμλ ++++−  

 ),(12 cbcbcbabc GAGAGAgf λμμλννμλμλμνμλλ ++−  

 where )      (=,
cbcbcbcbabca AAAAAAAAgfI νμλρνλμρνρμλνλρμλρμν +++  and   

 )(12= ,,,,,
cbcbcbcbabccbabca GAGAGAGAgfGAgfj ρμρμνλμμνλμλνμνμλμλμνμνλ η++++−  

 )(12 cbcbcbcbabccbabc GAGAGAGAgfGAgf μρμρνλλνμμμνλμμλμνμνμλ η++++−  

 )()([12)( cbcbcbcbabccbcbabc AAAAAAAAgfAAAAgf νλμνμλμλμνλνμμνμλνλμμ +∂++∂++∂−  

 )],()( cbbbcbbb AAAAAAAA ρμρρρμμνλνμμνμμλ η +∂++∂+  (18) 
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 )(12 = cbcbcbcbabccbabca GAGAGAGAgfGAgfj νρλνλρμρμνλμλμνρμνμλρνλρ ηηη −−++−  (19) 

 )].()()([12)( cbcbcbcbabccbabc AAAAAAAAgfAAgf λνρρνλλμνρρμνλμνμμλρ ηηη ∂−∂−+∂+∂−  

 The conservation of the corresponding currents follows from the fact that we have enhancement of 

the gauge group and therefore the partial derivatives of the l.h.s. of the equations (16) are equal to 

zero   

    0,=ajνν∂  

 0,=    0,= aa jj νλλνλν ∂∂  

 0.=    0,=    0,= aaa jjj νλρρνλρλνλρν ∂∂∂  (20) 

 

 Our aim now is to extend this analysis to the case of rank-3 tensor gauge field. We shall 

consider the linear sum  

 '
3

'
333 LgLg +  

and demonstrate that for an appropriate choice of the coupling constants ratio 4/3=/= 3
'
33 ggc  the 

system will have an enhanced symmetry. The explicit form of the Lagrangian for the third-rank 

tensor gauge field aAμνλ  can be obtained from our general formulas (??), (??) and (11) when we 

substitute 2=s . The Lagrangian is:   

 +−−−−+ aaaaaaaa GGGGGGGGLcL λλρρμνμνλρρμνλμνρρμνλλμνλρμνλρμν ,,,,,,,
'
333 18121814=  

 ++++ aaaaaa GGGGGGc ρρμλνλμνρλμρνλμννρμλλρμν ,,,,,,3 1414{14  (21) 

 },14141214 ,,,,,,,
aaaaaaaa GGGGGGGG νλρρμλμνλρρμλνμννλρμρλμννρρμλλμν ++++  

 where 3
'
33 /= ggc  is a constant4. 

 

3   Enhanced Symmetry. Rank-2 Gauge Field 

 

As we have seen above there are two invariant forms for the rank-2 tensor gauge field 2L  

and '
2L  and the general Lagrangian is a linear combination ,'

222 LcL +  where 2
'
22 /= ggc  is a constant 

coefficient. Let us review how this coefficient has been fixed by the requirement of an enhanced 

                                            
4It is not difficult to present the explicit form of the Lagrangian for any higher-rank tensor field using expressions (??), 
(??) and (11). 
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symmetry. For that let us consider the situation at the linearized level when the gauge coupling 

constant g is equal to zero. The free part of the 2L  Lagrangian  

 ,12=)(12= 2
2

aaaafree AHAAAL γγγγααααγγγαγαγααγαα ηηη ′′′′′′′′′′ ∂∂−∂  

where the quadratic form in the momentum representation has the form  

 ,)(=)( 2
γαγααγγγαα ηη ′′′′ +− kkkkH  

is obviously invariant with respect to the gauge transformation aaA λμμλ ξδ ∂= , but it is not invariant 

with respect to the alternative gauge transformations aaA μλμλ ηδ ∂=~ . This can be seen, for example, 

from the following relations in momentum representation   

 0.)(=)(   0,=)( 2 ≠−− ′′′′′′ γγααγγγαααγγααα η kkkkkHkkHk  (22) 

 Let us consider now the free part of the second Lagrangian   

 +∂∂+∂∂+∂∂+∂−∂− ′′′′′′′′′′′ γγααγαγαγαγαγγααγαγααα ηηηηηηη 22'
2 (14= afree AL  

 ,12=)2  aaa AHAA γγγγααααγγγααγααγγ ηη ′
′

′′′′′′′′ ∂∂−∂∂+  (23) 

 where  

 

).212()12(=)( 2'
γααγααγγγγααγαγαγαγαγγααγαγαγγαα ηηηηηηηηη ′′′′′′′′′′′′′′′′ −+++−+ kkkkkkkkkkkkH  

It is again invariant with respect to the gauge transformation aaA λμμλ ξδ ∂= , but it is not invariant with 

respect to the gauge transformations aaA μλμλ ηδ ∂=~ , as one can see from analogous relations   

 0.)(=)(   0,=)( 2'' ≠− ′′′′′′ γγααγγγαααγγααα η kkkkkHkkHk  (24) 

 As it is obvious from (22) and (24), the total Lagrangian freefree LL '
22 +  now poses new enhanced 

invariance with respect to the larger, eight-parameter, gauge transformations   

 ,= aaaA μλλμμλ ηξδ ∂+∂  (25) 

 where a
λξ  and a

μη  are eight arbitrary functions, because   

 0.=)(   0,=)( ''
γγααγγαααγγααγγααα ′′′′′′′′′ ++ HHkHHk  (26) 

 Thus our free part of the Lagrangian is   

 +∂∂+∂∂− aaaafreetot AAAAL μλννλμνλμνλμ 1212= 
2  

 aaaaaaaa AAAAAAAA μνλμλνλνμμλνμνλνλμλνμνλμ ∂∂+∂∂−∂∂−∂∂+ 14141414  

 aaaaaa AAAAAA μλλμννμλλννμλλμννμ ∂∂+∂∂−∂∂+ 141214  (27) 
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 or, in equivalent form, it is   

 +∂∂−∂∂−∂−− ′′′′′′′′′′′ γααγγαγαγγααγαγαγααγαα ηηηηηηηη 2 
2 )1212{(12= afreetot AL  

 aA γγααγγγγααγαγαγαγα ηηηη ′′′′′′′′′ ∂∂+∂∂+∂∂+∂∂+ )}12(  (28) 

 and is invariant with respect to the larger gauge transformations ,= aaaA μλλμμλ ηξδ ∂+∂  where a
λξ  and 

a
μη  are eight arbitrary functions. In momentum representation the quadratic form is   

 γαγαγααγγγααγαγαγααγγγαα ηηηηηηηη kkkkkkH tot
′′′′′′′′′′′′ ++++− 2)1212(=)(  

 ).12( ααγγγγααγαγαγαγα ηηηη ′′′′′′′′ +++− kkkkkkkk  (29) 

 Free equations of motion which follow from the Lagrangian (??) will take the form   

 )12()12()12()12(2 aaaaaaaa AAAAAAAA μμμμλνμννμμλλμμλμνλννλ −∂∂+−∂∂−−∂∂−−∂  

 0=)(12 2 aa AA μμμρρμνλη ∂−∂∂+  (30) 

 and describe the propagation of massless particles of spin 2 and spin 0. It is also easy to see that for 

the symmetric tensor gauge fields aa AA λννλ =  our equation reduces to the Einstein-Fierz-Pauli-

Schwinger-Chang-Singh-Hagen-Fronsdal equation  

 0,=)( 22
μμμρρμνλμμλνμνμλμλμννλ η AAAAAA ∂−∂∂+∂∂+∂∂−∂∂−∂  

which describes the propagation of massless boson with two physical polarizations, the 2= ±s  

helicity states. For the antisymmetric fields it reduces to the equation  

 0,=2
μνμλμλμννλ AAA ∂∂+∂∂−∂  

and describes the propagation of one physical polarization 0=s , the zero helicity state. 

The above consideration brings the final form of the gauge invariant Lagrangian for the 

lower-rank tensor gauge fields to the form (12). 

 

4   Rank-3 Tensor Gauge Field 

 

The Lagrangian )( '
2221 LLgL ++  contains the third-rank gauge fields aAμνλ , but without 

corresponding kinetic term. In order to make the fields aAμνλ  dynamical we have to add the 

corresponding Lagrangian '
3

'
333 LgLg +  presented in (??), so that at this level the total Lagrangian is 

the sum [2, 3, 4]  

 ..., )()(= '
3333

'
2221 +++++ LcLgLLgLL  

11



where 3
'
33 /= ggc . The Lagrangian 3L  has the form (??):   

 , 18121814= ,,,,,,,3
aaaaaaaa GGGGGGGGL λλρρμνμνλρρμνλμνρρμνλλμνλρμνλρμν −−−−  (31) 

 where the field strength tensors (7) are   

 +++++∂−∂ cbcbcbcbabcaaa AAAAAAAAgfAAG νλρμσνλσμρνρσμλνλρσμμλρσννλρσμλρσμν      {=,  

 }     cbcbcbcb AAAAAAAA νμλρσνλμρσνρμλσνσμλρ ++++  

 and   

 +++∂−∂ ∑
↔

cbcbabcaaa AAAAgfAAG νρσδμλ
δσρλ

νλρσδμμλρσδννλρσδμλρσδμν    {=
,,

,  

 }.    
,,,,

cbcbcb AAAAAA νμλρσδνδμλρσ
δσρλ

νσδμλρ
δσρλ

+++ ∑∑
↔↔

 

 The terms in parentheses are symmetric over λρσ  and λρσδ  respectively. The Lagrangian 3L  is 

invariant with respect to the extended gauge transformations (4) of the low-rank gauge fields 

μνλμνμ AAA ,,  and of the fourth-rank gauge field (4)   

 −−−−−∂ ],[],[],[],[= νλμρνρμλλρμννλρμνλρμμνλρξ ξξξξξδ AigAigAigAigA  

 ],[],[],[],[ ξξξξ μνλρνμλρλμνρρμνλ AigAigAigAig −−−−  

 and of the fifth-rank tensor gauge field (4)   

 −−−∂ ∑
↔

],[],[= λρσμν
λρσν

νλρσμνλρσμμνλρσξ ξξξδ AigAigA  

  ],,[],[],[ ξξξ μνλρσμνλρ
σνλρ

ρσμνλ
ρσνλ

AigAigAig −−− ∑∑
↔↔

 

 where the gauge parameters νλρξ  and νλρσξ  are totally symmetric rank-3 and rank-4 tensors. The 

extended gauge transformation of the higher-rank tensor gauge fields induces the gauge 

transformation of the fields strengths of the form (8)   

                               (= ,,,,, ++++ cbcbcbcbabca GGGGgfG λρσμνρλσμνσλρμνλρσμνλρσμν ξξξξδ (32) 

 )     ,,,
cbcbcbcb GGGG λρσμνλρσμνλσρμνρσλμν ξξξξ ++++  

 and   

 ++ ∑
↔

cbcbabca GGgfG δλρσμν
δσλρ

λρσδμνλρσδμν ξξδ    (= ,
,

,,  (33) 

 ).    ,
,,

,
,

cbcbcb GGG λρσδμνρσδλμν
δσρλ

σδλρμν
δσλρ

ξξξ +++ ∑∑
↔↔

 

 Using the above homogeneous transformations for the field strengths tensors one can demonstrate 
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the invariance of the Lagrangian 3L  with respect to the extended gauge transformations (see 

reference [3] for details). 

The second invariant Lagrangian can also be constructed explicitly in terms of the above 

field strength tensors. The following seven Lorentz invariant quadratic forms can be constructed by 

the corresponding field strength tensors [2, 3, 4]   

    ,   ,   ,   , ,,,,,,,,
aaaaaaaa GGGGGGGG νρρμλλμνρρμλνλμνρλμρνλμννρμλλρμν  

                  .   ,   , ,,,,,
aaaaaa GGGGGG νλρρμλμνλρρμλνμννλρμρλμν  (34) 

 Calculating the variation of each of these terms with respect to the gauge transformation (8), (32) 

and (33) one can get convinced that the particular linear combination   

 aaaaaa GGGGGGL ρρμλνλμνρλμρνλμννρμλλρμν ,,,,,,
'
3 141414= ++  

 .14141214 ,,,,,,,
aaaaaaaa GGGGGGGG νλρρμλμνλρρμλνμννλρμρλμννρρμλλμν ++++  (35) 

 forms an invariant Lagrangian (see Appendix A). In summary we have the following Lagrangian 

for the third-rank gauge field aAμνλ    

 +−−−−+ aaaaaaaa GGGGGGGGLcL λλρρμνμνλρρμνλμνρρμνλλμνλρμνλρμν ,,,,,,,
'
333 18121814=  

 ++++ aaaaaa GGGGGGc ρρμλνλμνρλμρνλμννρμλλρμν ,,,,,,3 1414{14  (36) 

 },14141214 ,,,,,,,
aaaaaaaa GGGGGGGG νλρρμλμνλρρμλνμννλρμρλμννρρμλλμν ++++  

 where 3c  is an arbitrary constant. Our intention is to investigate the dependence of symmetries of 

the system '
333 LcL +  as a function of constant 3c . The system is always invariant with respect to the 

initial, extended gauge group of transformations (8), (32) and (33) for any value of the constant 3c . 

We wish to know if there exists a special value of the constant 3c  at which the system will have 

even higher symmetry, as it happens in the case of the rank-2 gauge field. We shall see that this 

indeed takes place. 

 

5   Enhanced Symmetry. Rank-3 Gauge Field 

 The free part of the Lagrangian 3L  comes from the terms   

 aaaa GGGG ρρμνλλμνλρμνλρμν ,,,, 1814 −−  (37) 

 and has the form   

 aaaaaaaafree AAAAAAAAL μρρννλλμνρρμνλλμμλρννλρμνλρμνλρμ ∂∂+∂∂−∂∂+∂∂− 14141212=3  
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 aa AA ''''''''''''''
2

'' )1212)(12(12= ′′′′′′′′ ++∂∂−∂
γγγγγααγαγαγαγαγααγααα

ηηηηηηη  

 ,12= ''''''''
aa AHA ′′′′ γγγγγγαααααα

 (38) 

 where the quadratic form in the momentum representation is  

 ),(12=)( '''''''''''''''' ′′′′′′′′ ++−
γγααγαγαγαγααγγγγααα

ηηηηηηHkH  

where γααγαγ η kkkH −2=  and by construction is invariant with respect to the gauge transformation  

 aaA νλμμνλ ξδ ∂=  

because we have   

 0.=)('''' kHk ′′ γγγαααα  

 But it is not invariant with respect to the alternative gauge transformations  

 ,=~ aaaA μνλμλνμνλ ζζδ ∂+∂  

where the gauge parameter a
μλζ  is a totaly symmetric tensor. This can be seen from the following 

relation in momentum representation   

 0.)( 12=)( '''''''''''''' ≠++− ′′′′′′′′ γγαγαγγαγαγγγγαααα
ηηη kkkHkHk  (39) 

 Let us consider now the free part of the Lagrangian '
3L  which comes from the terms  

 ,141414 ,,,,,,
aaaaaa GGGGGG ρρμλνλμνρλμρνλμννρμλλρμν ++  

thus   

 aaaaaaaafree AAAAAAAAL μνρλμλρνλνρμμλρνμνρλνλρμλνρμνλρμ ∂∂+∂∂−∂∂−∂∂+ 14141414= '
3  

 aaaaaaaa AAAAAAAA μρλρμνλνρρλμμνλνμρλρννλμρρλμννλμ ∂∂+∂∂−∂∂−∂∂+ 14141414  

 aaaaaaaa AAAAAAAA μρρλμνλνλρρμμνλνμρρλννλμλρρμννλμ ∂∂+∂∂−∂∂−∂∂+ 14141414  

 ,12= ''
 

''''''
aa AHA ′

′
′′′ γγγγγγαααααα

 (40) 

 where one should symmetrize the  
''''

′
′′ γγγααα

H  over the '' ′↔αα , '' ′↔ γγ  and the exchange of two 

sets of indices '''' ′′ ↔ γγγααα , so that the second quadratic form in the momentum representation is 

(see also Appendix B for derivation)   

 ))((18{=)( '''''''''''
2 

'''' γγγαγγγαγγγαααααγγγααα
ηηηηηηη ′′′′′′

′
′′ ++−+ kkkkH  

 ))(( '''''''''''
2

γγγαγγγαγγγααααα
ηηηηηηη ′′′′′ ++−+ kkk  
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 ))(( '''''''''''
2

′′′′′′ ++−+
γγααγαγαγαγαγααγ

ηηηηηηη kkk  

 } ))(( '''''''''''
2

γγααγαγαγαγαγααγ
ηηηηηηη ′′′′′ ++−+ kkk  

 )(18{ '''''''''' ′′′′′′ +++−
γγααγααγγααγαγ ηηηηηηkk  

 )( '''''''''' ′′′′ +++
γγααγααγγααγαγ ηηηηηηkk  

 )( '''''''''' ′′′′′′ +++
αααγγαααγαααγγ ηηηηηηkk  

 } )( '''''''''' ′′′′ +++
αααγγαααγαααγγ ηηηηηηkk  

 ''''''''''''(14{ ′′′′′′ ++++
γαγαγαγαγαγααγ ηηηη kkkkkk  

 }. )'''''''''''' ′′′′′′ +++
ααγγγγααγαγα

ηηη kkkkkk  (41) 

 It is again invariant with respect to the transformation aaA νλμμνλ ξδ ∂=  because we have   

 0,=)( 
'''' kHk ′
′′ γγγαααα  

 but it is not invariant with respect to the transformation aaaA μνλμλνμνλ ζζδ ∂+∂=~ , as one can see from 

the analogous relation (see also Appendix B for derivation)   

 )(18{=)( '''''
 

''''' γγγγγγααγγγαααα
ηη ′′′

′
′′ ++ kkHkHk  

 )( ''''' ′′′′ ++
γγαγαγαγ

ηη kkH  

 } )( ''''' γγαγαγαγ
ηη ′′′ ++ kkH  

 } 3)(14{ ''''''''''' ′′′′′′′ −+++−
γγααγααγγγαγγαγγαγ ηηηη kkkkkkkkkk  

 0.} )(14{ ''''''''' ≠++++ ′′′′′′ γγαγαγγαγαγ ηηη kkkH  (42) 

 We have to see now whether the sum  

 )  (  
''''3

 
'''''

′
′′

′
′′ +

γγγαααγγγαααα
HcHk  

can be made equal to zero by an appropriate choice of the coefficient 3c . For that let us compare the 

expressions (39) and (??) for divergences. As one can see, only the last term in (??)  

 )( ''''''''' ′′′′′′ ++
γγαγαγγαγαγ ηηη kkkH  

and the whole term (39) can cancel each other if we choose 2=3c , but this will leave the rest of the 

terms in (??) untouched, thus  

 0)  (  
''''3

 
''''' ≠+ ′

′′
′

′′ γγγαααγγγαααα
HcHk  
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for all values of 3c . This situation differs from the case of the rank-2 gauge field aAμν . In the last 

case we were able to choose the coefficient 1=2c  so that the divergences (22) and (24) cancel each 

other and we got (26)  

 0.=)( '
γγααγγααα ′′′′′ + HHk  

Therefore the Lagrangian  
22

′+ freefree LL  has enhanced invariance with respect to a large gauge group 

of transformations aaaA μλλμμλ ηξδ ∂+∂= . 

In order to understand the reason why in the case of the rank-3 gauge field it is impossible 

fully cancel divergences we have to analyze the corresponding field equations. We shall compare 

the resulting equation with the equation derived by Schwinger [12] for the totally symmetric 

Abelian rank-3 tensor field in order to get better insight into the problem. It has been proved by 

Schwinger [12] that it is impossible to derive field equation for the totally symmetric rank-3 tensor 

which is invariant with respect to the full gauge group of transformations 

μνλμλννλμμνλ ξξξδ ∂+∂+∂ aA =  without imposing some restriction on the gauge parameters μνξ . As 

he demonstrated, the gauge parameter should be traceless 0=μμξ . We shall see that similar 

phenomena take place also in our case, that is, the second gauge parameter a
μλζ  should fulfill 

constraint which we shall derive below (see equation (44)). 

What we would like to prove is that the equation has enhanced invariance with respect to the 

gauge group of transformations   

 ,=~ aaaA μνλμλνμνλ ζζδ ∂+∂  (43) 

 but in our case the gauge parameters a
μλζ  should fulfill the following constraint:   

 0.=aa
ρρλρλρ ζζ ∂−∂  (44) 

 This takes place when we choose the coefficient . 4/3=3c  Indeed, let us consider the equation of 

motion. From the first form freeL3  we have the following contribution to the field equation:   

 ),(12= 2
''''''

2
''''''

aaaaa AAAAAH ρλλρααρραααραρααααγγγγγγααα
η ∂∂−∂+∂∂−∂ ′′′′′′  (45) 

 and from the second one freeL '
3  we have   

 −+++∂− ′′′′′′′ )(18{= ''''''''
2

''
'

''''
aaaaa AAAAAH

ααααααααααααγγγγγγααα
 

 −+++∂∂− ′′′′ )( ''''''''
aaaa AAAA

ρααρααρααρααρα  
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 −−−−−+∂∂− ′′′′′′ )( '''''''
aaaaaa AAAAAA
αραρααραααρααραρααρα

 

 −−−−−+∂∂− ′ )( '''''''
aaaaaa AAAAAA
αραρααραααρααραρααρα

 

 −∂∂+++∂∂−++∂∂− ′′′′′ }2)()( ''''''''''
aaaaaaa AAAAAAA αρρααρραρραρραααρραρραρρααα  

 ++∂∂−∂∂−++∂− ′′′′′′ )]()([18{ ''''''
2

'
aaaaaa AAAAAA
ρλαλραρλρλλραρραρραρρααα

η  

    )]()([ ''''''
2

' ++∂∂−∂∂−++∂+ ′
aaaaaa AAAAAA
ρλαλραρλρλλραρραρραρρααα

η  

 )]}.2()()([ 2
''

aaaaaaa AAAAAAA αλρλραραλρλλλλρλραρραραραα
ρη −+∂∂−+∂∂−+∂+ ′  (46) 

 Summing these two pieces together we shall get the following free field equation of motion for the 

rank-3 tensor gauge field:   

 −−−∂+ ′′′′
′

′′′′ )44(=)( ''3''3''
2

''
 

''''3''''
aaaa AcAcAAHcH
αααααααααγγγγγγαααγγγααα

 

 −−+∂∂−−−∂∂− ′′′′′′ )(4)44( ''''3''3''3''
aaaaaa AAAcAcAcA
ρααραααραραρααραααραρα  

 +++∂∂+−+∂∂− ′′′′ )(8)(4 ''''3''''3
aaaaaa AAAcAAAc
ρραρραρραααρααραααραρα

 

 −∂∂−++∂∂+ ′′
aaaa AcAAAc αρρααρραρραρρααα ''3''''3 4)(8  

 −∂∂−∂+∂∂−∂− ′′′′ )22(8 ''
2

''
2

'3
aaaa AAAAc
ρλαρλρραρλλραρρααα

η  

 −∂∂−∂+∂∂−∂− ′ )22(8 ''
2

''
2

'3
aaaa AAAAc
ρλαρλρραρλλραρρααα

η  

 

0.=)2222(12 333
2

3
2

''
aaaaaa AcAcAcAcAA λραρλαλρρλλλρραρραρλλρααρραα

η ∂∂+∂∂−∂∂+∂−∂∂−∂+ ′  

 We shall prove that this equation is invariant with respect to the gauge transformation  

 aaaA μνλμλνμνλ ζζδ ∂+∂=~  

if we choose the coefficient 4/3=3c . Performing the above gauge transformation of the field one 

can see that the terms which originate from differential operators  ,2∂    ,ρα∂∂ ρα
∂∂ '  and ρα

∂∂ ′'  in 

the above equation cancel each other if we choose   

 .  43=3c  (47) 

 The rest of the terms have the following form:   

 =~)43( ''
 

''''''''
aAHH ′

′
′′′′ +

γγγγγγαααγγγααα
δ  

 aaaa
ρραααραρααραρααραραα ζζζζ '''''''' 23431313 ′′′′ ∂∂∂+∂∂∂−∂∂∂+∂∂∂+  
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 )24(216 2
'''

2
'

aaa
ρραλρρλαραραα

ζζζη ∂∂+∂∂∂−∂∂− ′′′  

 )24(216 2
'''

2
'

aaa
ρραλρρλαραραα

ζζζη ∂∂+∂∂∂−∂∂− ′  

 )(13 2
''

aa
λρρλαραραα

ζζη ∂∂∂−∂∂+ ′  (48) 

 and can be rewritten in the form which makes the desired invariance explicit:   

 )(13=)43( '''''
 

''''''''
aaaAHH ρραραρααγγγγγγαααγγγααα

ζζδ ′′′
′

′′′′ ∂−∂∂∂++  

 )(43)(13 '''''
aaaa
ρραραρααρραραραα ζζζζ ∂−∂∂∂−∂−∂∂∂+ ′′  

 )](2)([13 '''
2

'
aaaa
ρλρρρλλαρραραραα

ζζζζη ∂−∂∂∂+∂−∂∂− ′′′  

 )](2)([13 '''
2

'
aaaa
ρλρρρλλαρραραραα

ζζζζη ∂−∂∂∂+∂−∂∂− ′  

 )].()([13 2
''

aaaa
ρλρρρλλαρραραραα

ζζζζη ∂−∂∂∂+∂−∂∂+ ′  (49) 

 From that we see that if the gauge parameter satisfies the conditions (44)  

 0=aa
ρρλρλρ ζζ ∂−∂  

the equation is indeed invariant with respect to a larger group of gauge transformations 

,=~ aaaA μνλμλνμνλ ζζδ ∂+∂  because   

 0.=~)43( ''
 

''''''''
aAHH ′

′
′′′′ +

γγγγγγαααγγγααα
δ  (50) 

 The final form of the equation is   

 −−−∂∂−−−∂ ′′′′′′ )1313()1313( ''''''''''''
2 aaaaaa AAAAAA

ρααραααραραααααααααα
 (51) 

 +−+∂∂−−+∂∂− ′′′′ )(13)(13 ''''''''
aaaaaa AAAAAA
ρααραααραραρααραααραρα

 

 −∂∂−++∂∂+++∂∂+ ′′′′′
aaaaaaa AAAAAAA αρρααρραρραρραααρραρραρρααα '''''''''' 13)(16)(16  

 −∂∂−∂+∂∂−∂− ′′′′ )22(16 ''
2

''
2

'
aaaa AAAA
ρλαρλρραρλλραρρααα

η  

 −∂∂−∂+∂∂−∂− ′ )22(16 ''
2

''
2

'
aaaa AAAA
ρλαρλρραρλλραρρααα

η  

 

0=)23232323(12 22
''

aaaaaa AAAAAA λραρλαλρρλλλρραρραρλλρααρραα
η ∂∂+∂∂−∂∂+∂−∂∂−∂+ ′  

 and it is invariant with respect to the gauge group of transformations   

 0.=        ,=~         ,= aaaaaaa AA ρρλρλρμνλμλνμνλνλμμνλ ζζζζδξδ ∂−∂∂+∂∂  (52) 

 One should stress that there are no restrictions on the gauge parameters a
μνξ . The above invariance 
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of the equation now can be checked directly without referring to the previous analysis. In summary, 

we have the following Lagrangian for the third-rank gauge field aAμνλ :   

 +−−−−+ aaaaaaaa GGGGGGGGLL λλρρμνμνλρρμνλμνρρμνλλμνλρμνλρμν ,,,,,,,
'
33 18121814=43  

 ++++ aaaaaa GGGGGG ρρμλνλμνρλμρνλμννρμλλρμν ,,,,,, 131313  (53) 

 .13132313 ,,,,,,,
aaaaaaaa GGGGGGGG νλρρμλμνλρρμλνμννλρμρλμννρρμλλμν ++++  

 We shall present the free equation of motion (51) also in terms of field strength tensors. The kinetic 

term of the above Lagrangian is   

 aaaa
free FFFFLL ρρμνλλμνλρμνλρμν ,,,,

'
33 1814=| 43 −−+  

 ,131313 ,,,,,,
aaaaaa FFFFFF ρρμλνλμνρλμρνλμννρμλλρμν +++  (54) 

 where  

 .=,
aaa AAF μλρννλρμλρμν ∂−∂  

The variation of the above Lagrangian over the field aAνλρ  gives the free equation written in terms of 

field strength tensor aF λρμν ,  and it is identical to the equation (51)   

 +∂+∂+∂−∂−∂ aaaaa FFFFF μλνρμμρνλμνλμρμνρμλμλρμνμ ,,,,, 13131313  

 −∂+∂+∂+∂+ aaaa FFFF μμνλρμμνρλμλνμρμρνμλ ,,,, 16161313  

 +∂+∂−∂+∂− )16(13)16(13 ,,,,
aaaa FFFF σσμλμσλμσμνρσσμρμσρμσμλν ηη  

 .=)1313(12 ,,,
aaaa jFFF νλρσμνσμσνμσμσσμνμλρη ∂+∂−∂+  (55) 

 As we demonstrated, this equation is invariant with respect to the following gauge transformations:  

 ,=~         ,= aaaaa AA μνλμλνμνλνλμμνλ ζζδξδ ∂+∂∂  

where the gauge parameters are totally symmetric tensors satisfying the condition (44). The initial 

invariance of the equation aaA νλμμνλ ξδ ∂=  imposes restriction on the current ajνλρ , in particular, on its 

conservation over the first index:   

 0.=ajνλρν∂  (56) 

 There are also additional constraints on the current which follow from the enhanced invariance 
aaaA μνλμλνμνλ ζζδ ∂+∂=~ . In Fourier components the constraints on the group parameters are   

 0,=)( 332211003303 ζζζζκκζωζ −−−++  

 0,=3101 κζωζ +  
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 0,=3202 κζωζ +  

 0,=)( 332211003000 ζζζζωκζωζ −−−−+  

 where ),0,0,(= κωμk , therefore   

 ,= 03221100 ωκζζζζ −+  (57) 

 ,= 0131 ωκζζ −  

 ,= 0232 ωκζζ −  

 ,= 03221133 κωζζζζ −−−  

 and we have six independent gauge parameters  

 .,,,,, 122211030201 ζζζζζζ  

From this it follows that the current components fulfill the following six relations:   

 0,=)( 13311001 λλλλλ ωκωκ jjjjk +++  (58) 

 0,=)( 23322002 λλλλλ ωκωκ jjjjk +++  

 0,=)( 3300 λλλ κωωκ jjk +  

 0,=)( 113300 λλλλ jjjk +−  

 0,=)( 223300 λλλλ jjjk +−  

 0,=)( 1221 λλλ jjk +  

 One can also use a different set of independent parameters, in particular: .,,,,, 332322131211 ζζζζζζ  

 

6   Schwinger Equation for rank-3 Gauge Field 

 

The Schwinger equation for symmetric massless rank-3 tensor gauge field has the form [12]   

 +∂∂−∂∂−∂∂−∂+ ′′′′ ρααρααραρααραραααα ''''''''
2 AAAA  

 −∂∂∂−∂∂+∂∂+∂∂+ ′′′′ AAAA '''''''' 3
ααααρρααρραααρρααα  

 −∂∂+∂∂−∂− ′′′ )12( '''
2

' ρλλραρλαρλρρααα
η AAA  

 −∂∂+∂∂−∂− ′ )12( '''
2

' ρλλραρλαρλρρααα
η AAA  

 ''
2

'' =)12( ′′ ∂∂+∂∂−∂−
αααλλρραρλαρλρρααα

η jAAA  (59) 

 and contains the scalar field A  which should satisfy the high-order differential equation   
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 0.=23222
αλρρλαλρρλ AAA ∂∂∂+∂∂−∂∂  (60) 

 Taking derivatives of the l.h.s. of the above equation one can get convinced that we have 

conservation of the totally symmetric current '' ′ααα
j    

 0='' ′∂
αααα j  (61) 

 and the invariance of the equation with respect to the full gauge transformation   

 μνλμλννλμμνλ ξξξδ ∂+∂+∂=A  (62) 

 without any restrictions on the symmetric gauge parameter νλξ . The great advantage of this 

formulation is that we have conservation of current and full gauge symmetry (62). The disadvantage 

of this formulation is the appearance of the scalar field A  and its high-order differential equation. 

The illuminating remark of Schwinger was to make a change of field variable of the form [12]  

 ,3 ''
2

'''' AAA ′
−

′′ ∂∂∂∂−→
ααααααααα

 

which allows to eliminate the scalar field A from the field equation without changing its actual 

form! The equation will take a unique form [12]:   

 +∂∂−∂∂−∂∂−∂+ ′′′′ ρααρααραρααραραααα ''''''''
2 AAAA  

 −∂∂+∂∂+∂∂+ ′′′ αρρααρραααρρααα AAA ''''''  

 −∂∂+∂∂−∂− ′′′ )12( '''
2

' ρλλραρλαρλρρααα
η AAA  

 −∂∂+∂∂−∂− ′ )12( '''
2

' ρλλραρλαρλρρααα
η AAA  

 ,=)12( ''
2

'' ′′ ∂∂+∂∂−∂−
αααλλρραρλαρλρρααα

η jAAA  (63) 

 but it is not invariant any more with respect to the unrestricted gauge transformations (62). The 

gauge parameter should be traceless:   

 0.=μμξ  (64) 

 This leads to the modification of the current conservation law:   

 0.=14 '''' αρραααααα η jj ′′ −∂  (65) 

 The conservation law for the current became more sophisticated because of the traceless restriction 

on the gauge parameters (64). One can see that the same phenomenon also happens in our case 

where the restriction on the gauge parameters νλζ  has the form (52) and the conservation law takes 

the form (58). Recent discussion of the Schwinger equation can be found in [30, 31]. 
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7   Appendix A 

 

The invariance of the form '
3L  can be demonstrated by explicit variation of each term in the 

sum (??). Indeed, the variation of the first term is  

 ,222= ,,,,,,,
cbaabccbaabccbaabcaa GGgfGGgfGGgfGG νρμλλρμννρμλλρμνρνμλλρμννρμλλρμνξ ξξξδ ++  

of the second term is  

 ,222= ,,,,,,,
cbaabccbaabccbaabcaa GGgfGGgfGGgfGG ρλμρνλμνρλμρνλμνλρμρνλμνρλμρνλμνξ ξξξδ ++  

of the third term is   

 +++ cbaabccbaabccbaabcaa GGgfGGgfGGgfGG λνμνρρμλρρμλνλμνρρμλνλμνρρμλνλμνξ ξξξδ ,,,,,,, 2=  

 ,,,,
cbaabccbaabc GGgfGGgf νλμνρρμλνλμνρρμλ ξξ ++  

 of the forth term is   

 +++ cbaabccbaabccbaabcaa GGgfGGgfGGgfGG νλμνρρμλρλμννρμλλμννρρμλνρρμλλμνξ ξξξδ ,,,,,,, 2=  

 ,2 ,,,,,
cbaabccbaabccbaabc GGgfGGgfGGgf νρρμλλμννρρμλλμνρρνμλλμν ξξξ +++  

 of the fifth term is   

 =,,
aa GG νλρμρλμνξδ  

 ++++ cababccababccababccbaabc GGgfGGgfGGgfGGgf νλμνλρμρλλμννρμρρλμννλμρλμννλρμρ ξξξξ ,,,,,,,  

 ,,,,,,,,
cbaabccbaabccbaabccbaabc GGgfGGgfGGgfGGgf νλρμρλμννλρμρλμννρλμρλμνλρνμρλμν ξξξξ ++++  

 of the sixth term is   

 =,,
aa GG λρρμλνμνξδ  

 ++++ cababccababccababccbaabc GGgfGGgfGGgfGGgf ρρνμνλμλλνμνρρμλρνμνλρμλνμνλρρμλ ξξξξ ,,,,,,, 2  

 cbaabccababc GGgfGGgf λρρμλνμνλρνμνρμλ ξξ ,,,2 ++  

 and finally of the seventh term is   

 =,,
aa GG νλρρμλνμξδ  

 ++++ cbaabccbaabccbaabccbaabc GGgfGGgfGGgfGGgf ρρνλμλμννλρρμλμνλνρρμλμνρνλρμλμν ξξξξ ,,,,2  
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 +++ cbaabccbaabccbaabc GGgfGGgfGGgf νλρρμλμννρλρμλμνλρνρμλμν ξξξ ,,, 22  

 .2 ,,,
cbaabccbaabccbaabccbaabc GGgfGGgfGGgfGGgf νλρρμλμννλρρμλμννρρλμλμνλρρνμλμν ξξξξ +++  

 Some of the terms here are equal to zero, like: cbaabc GGgf νρλμρλμν ξ,, , cbaabc GGgf ρρνμνλμλ ξ,,  and 

cbaabc GGgf νλρρμλμν ξ . Amazingly, all nonzero terms cancel each other. 

 

8   Appendix B 

 

The quadratic form  
''''

′
′′ γγγααα

H  can be extracted from (??) and should be symmetrized over 

the '' ′↔αα , '' ′↔ γγ  and over the exchange of two sets of indices '''' ′′ ↔ γγγααα , so that in the 

momentum representation it has the form   

 )(8{=)( ''''''''''
2 

'''' γγγαγγγαγγγαααγγγααα
ηηηηηηη ′′′′′′

′
′′ +++kkH  

 )( '''''''''' γγγαγγγαγγγααα
ηηηηηηη ′′′′ +++  

 )( '''''''''' ′′′′′′ +++
γγααγαγαγαγααγ

ηηηηηηη  

 } )( '''''''''' γγααγαγαγαγααγ
ηηηηηηη ′′′′ +++  

 )(18{ '''''''''' γγγαγγγαγγγααα ηηηηηη ′′′′′′ +++− kk  

 )( '''''''''' γγγαγγγαγγγααα ηηηηηη ′′′′ +++ kk  

 )( '''''''''' ′′′′′′ +++
γγααγαγαγαγαγα ηηηηηηkk  

 )( '''''''''' γγααγαγαγαγαγα ηηηηηη ′′′′ +++ kk  

 )( '''''''''' ′′′′′′ +++
γγααγααγγααγαγ ηηηηηηkk  

 )( '''''''''' ′′′′ +++
γγααγααγγααγαγ ηηηηηηkk  

 )( '''''''''' ′′′′′′ +++
αααγγαααγαααγγ ηηηηηηkk  

 } )( '''''''''' ′′′′ +++
αααγγαααγαααγγ ηηηηηηkk  

 ''''''''''''(14{ ′′′′′′ ++++
γαγαγαγαγαγααγ ηηηη kkkkkk  

 }. )'''''''''''' ′′′′′′ +++
ααγγγγααγαγα

ηηη kkkkkk  (66) 

 or combining some of the terms together we shall get an equivalent form   
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 ))((18{=)( '''''''''''
2 

'''' γγγαγγγαγγγαααααγγγααα
ηηηηηηη ′′′′′′

′
′′ ++−+ kkkkH  

 ))(( '''''''''''
2

γγγαγγγαγγγααααα
ηηηηηηη ′′′′′ ++−+ kkk  

 ))(( '''''''''''
2

′′′′′′ ++−+
γγααγαγαγαγαγααγ

ηηηηηηη kkk  

 } ))(( '''''''''''
2

γγααγαγαγαγαγααγ
ηηηηηηη ′′′′′ ++−+ kkk  

 )(18{ '''''''''' ′′′′′′ +++−
γγααγααγγααγαγ ηηηηηηkk  

 )( '''''''''' ′′′′ +++
γγααγααγγααγαγ ηηηηηηkk  

 )( '''''''''' ′′′′′′ +++
αααγγαααγαααγγ ηηηηηηkk  

 } )( '''''''''' ′′′′ +++
αααγγαααγαααγγ ηηηηηηkk  

 ''''''''''''(14{ ′′′′′′ ++++
γαγαγαγαγαγααγ ηηηη kkkkkk  

 }. )'''''''''''' ′′′′′′ +++
ααγγγγααγαγα

ηηη kkkkkk  (67) 

 This expression can be used to calculate divergences. Indeed,   

 ))((18{=)( ''''''''
2 

''''' γγγγγγγγγααααγγγαααα
ηηηη ′′′′′

′
′′ ++−+ kkkkkkkHk  

 ))(( ''''''''
2

′′′′′′ ++−+
γγαγαγγαγγααγ

ηηηη kkkkkk  

 } ))(( ''''''''
2

γγαγαγγαγγααγ
ηηηη ′′′′′ ++−+ kkkkkk  

 )(18{ '''''''''
2

′′′′′′ +++−
γγααγααγγααγγ ηηηηηηkk  

 )2(2 ''''''' ′′′′ +++
γγααγγαγγαγ ηηη kkkkk  

 } )2( '''''''' γααγγααγγααγγ ηηη ′′′′′′ +++ kkkkkkk  

 } 3(14{ ''''''
2

'''
2

'''
2

′′′′′′′′ +++++
γγαγγαγαγγαγαγ ηηηη kkkkkkkkk  

 or using the operator γααγαγ η kkkH −2=  one can get   

 )( 18{=)( '''''''
 

''''' γγγγγγγγγααγγγαααα
ηηη ′′′′

′
′′ +++ kkkHkHk  

 )( ''''''' ′′′′′′ +++
γγαγαγγαγαγ

ηηη kkkH  

 } )( ''''''' γγαγαγγαγαγ
ηηη ′′′′ +++ kkkH  

 '''''''''    18{
γαγαγγαγαγγγγαα

ηηη ′′′′′′ +++− kHkHkH  
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 )22(2 ''''''' ′′′′ +++
γγααγγαγγαγ ηηη kkkkk  

 } 2)2(2 '''''''' γααγγααγγααγγ ηηη ′′′′′′ +++ kkkkkkk  

 } 3(14{ ''''''
2

'''
2

'''
2

′′′′′′′′ +++++
γγαγγαγαγγαγαγ ηηηη kkkkkkkkk  

 and canceling the identical terms we shall get   

 )(18{=)( '''''
 

''''' γγγγγγααγγγαααα
ηη ′′′

′
′′ ++ kkHkHk  

 )( ''''' ′′′′ ++
γγαγαγαγ

ηη kkH  

 } )( ''''' γγαγαγαγ
ηη ′′′ ++ kkH  

 } )(14{ '''''''' ′′′′′ +++−
ααγγγαγγαγγαγ ηηη kkkkkkk  

 '''''''''14{ ′′′′′′ ++++
γγααγγαγαγγαγαγ ηηη kHkHkH  

 }. 3 ''' ′′+
γγααγη kkk  

 Again collecting terms we shall get the final expression:   

 )(18{=)( '''''
 

''''' γγγγγγααγγγαααα
ηη ′′′

′
′′ ++ kkHkHk  

 )( ''''' ′′′′ ++
γγαγαγαγ

ηη kkH  

 } )( ''''' γγαγαγαγ
ηη ′′′ ++ kkH  (68) 

 } 3)(14{ ''''''''''' ′′′′′′′ −+++−
γγααγααγγγαγγαγγαγ ηηηη kkkkkkkkkk  

 }, )(14{ ''''''''' ′′′′′′ ++++
γγαγαγγαγαγ ηηη kkkH  

 which has been used in the main text. 
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