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Abstract

We define a group of extended non-Abelian gauge transformations for tensor gauge fields.
On this group one can define generdized field strength tensors, which are transforming
homogeneously with respect to the extended gauge transformations. The generalized field strength
tensors allow to construct two infinite series of gauge invariant quadratic forms. The invariant
Lagrangian is a linear sum of these forms and describes interaction of tensor gauge fields of
arbitrarily large integer spins 1,2,.... It does not contain higher derivatives of the tensor gauge fields,

and all interactions take place through three- and four-particle exchanges with dimensionless
coupling constant. The first term in this sum is the Yang-Mills Lagrangian and the whole
construction generalizes the Y ang-Mills theory.

The invariance with respect to the extended gauge transformations does not fix some of the
coefficients in the Lagrangian. There is afreedom to vary them without breaking the extended gauge
symmetry. We demonstrate that by an appropriate tuning of these coupling constants one can
achieve an enhancement of the extended gauge symmetry. Thisleads to highly symmetric equations.
We present the explicit form of the free equations for the rank-2 and rank-3 gauge fields. Their
relation to the Schwinger free equation for Abelian rank-3 gauge field is discussed.
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1 Introduction

It iswell understood, that the concept of local gauge invariance allows to define non-Abelian
gauge fields [1], to derive their dynamical field equations and to develop a universal point of view
on matter interactions as resulting from the exchange of gauge quanta of different forms. It is
appealing to extend the gauge principle so that it will define the interaction of matter fields which
carry not only non-commutative internal charges, but also high spins. This extension will induce the
interaction of matter fields mediated by a charged gauge quanta carrying a spin larger than one[2, 3,
4].

In this approach the gauge fields are defined as rank- (s +1) tensors|[2, 3, 4]

Azﬁmﬂs , S=12,...

and are totally symmetric with respect to the indices 4,...4,. A priory the tensor fields have no
symmetries with respect to the first index 4. The index s runs from zero to infinity. The first
member of this family of the tensor gauge bosons is the Yang-Mills vector boson A7. This is an

essential departure from the previous considerations, in which the higher-rank tensors were totally
symmetric [8, 9, 10, 11, 12, 13, 14, 15, 17, 18]. The literature devoted to the high spin field theory is
extensive [22, 23, 24, 25, 26, 27, 28, 29, 30, 31, 32, 33, 34, 35]. On resent development of the high
spin field theory associated with the string theory can be found in references [36, 37, 38, 39, 41, 44,
45, 46, 47, 48].
The extended non-Abelian gauge transformation of the tensor gauge fields [2, 3, 4]
o. A’

14 ,uﬂllz.../ls
is defined by the equation (4) and comprise a closed algebraic structure, because the commutator of
two transformations can be expressed in the form

[6,.6:] A;Mllz...),s =-ig 6, A

;Mlﬂz...ls
where the gauge parameters {£} are given by the matrix commutators (6). This alows to define

generalized field strength tensors (7) [2, 3, 4]



Ga

,uv,ll...ls
which are transforming homogeneously (8) with respect to the extended gauge transformations (4).

The field strength tensors G; are used to construct two infinite series of gauge

V'Al"“ls
invariant quadratic forms[2, 3, 4, 5, 6]
L s=123..

S

and

L s=23,...

Each term of these infinite series is separately gauge invariant with respect to the generalized gauge
transformations (4). These forms contain quadratic kinetic terms and nonlinear terms describing
nonlinear interaction of the Yang-Mills type. In order to make al tensor gauge fields dynamical one
should add all these forms together. Thus the gauge invariant Lagrangian describing dynamical

tensor gauge bosons of all ranks has the form
L= 0L+ Y0l o
s=1 s=2

where L, =L,,, isthe Yang-Mills Lagrangian.

It is important that: i) the Lagrangian does not contain higher derivatives of tensor gauge
fields ii) all interactions take place through the three- and four-particle exchanges with
dimensionless coupling constant g iii) the complete Lagrangian contains all higher-rank tensor

gauge fields and should not be truncated iv) the invariance with respect to the extended gauge

transformations does not fix the coupling constants g, and g..

The coupling constants g, and g, remain arbitrary because every term of the sum is

separately gauge invariant and the extended gauge symmetry alone does not fix them. This means
that there is a freedom to vary these constants without breaking the initial gauge symmetry. The

important question to which we should address ourselves here is the following: Can we achieve the

enhancement of the initial gauge symmetry properly tuning the coupling constants g, and g, ?
Let us consider asimple example: the sum of two Z, invariant forms gx®+g'y* exhibitsthe

U (1) invariance if we choose g =g so that the initial symmetry is elevated to a one parameter
family of continuous transformations. A less trivial example is a linear sum of Poincaré invariant
forms comprising a SUSY invariant Lagrangian. One can find other examples of the same

phenomena when a linear sum of invariant forms of the initial group G exhibits a symmetry with



respect to a larger group G oG when the coefficients are properly tuned. A similar phenomena
appearsin our system.
Indeed let us consider alinear sum of two gauge invariant formsin (1)
9L, + 0zl

which describes the rank-2 tensor gauge field A’, . Aswe have found in [2, 3, 4] one can chose the

coupling constants g, and g, so that the sum g,L,+g,L, exhibits invariance with respect to a
bigger gauge group®. This means that in addition to full extended gauge group (4), which we had
initially, now we have bigger gauge group with double number of gauge parameters[2, 3, 4, 7]. The
explicit form of the free field equation for the rank-2 tensor gauge field is given by equation (7?). It
was then demonstrated that it describes propagation of two polarizations of helicity-two and
helicity-zero massless charged tensor gauge bosons. This result will be recapitulated in the third
section.

Our aim now is to extend this construction to the rank-3 tensor gauge field. We shall

consider the linear sum
OsLs + glal—ls
and shall demonstrate that for an appropriate choice of the coupling constants ¢, = g./g, = 4/3 the

system have an enhanced gauge symmetry. The explicit description of this symmetry together with
the corresponding free field equation (51) for the rank-3 tensor gauge field will be given in the forth
and fifth sections. Its relation to the Schwinger equation for the symmetric rank-3 tensor gauge field
isdiscussed in the last seventh section.

First let us recapitul ate the construction of the general Lagrangian L in (1).

2 Non-Abelian Tensor Fields

The gauge fields are defined asrank- (s +1) tensors[2, 3, 4]
Auy.a (¥, 8=012...
and are totally symmetric with respect to the indices A4,...A,. A priory the tensor fields have no

symmetries with respect to the first index . The index a numerates the generators L* of the Lie

lc,=g,/9,=1.



algebraof a compact® Lie group G.
One can think of these tensor fields as appearing in the expansion of the extended gauge

field A, (x) over the unite tangent vector e, [2, 3, 4]:

A, (X) = Z s, VLS )

The gauge field A carries indices a, /4,,..., A, labeling the generators of extended current

;1/11 l

algebra G associated with compact Lie group G. It has infinite many generators le 4 = L"‘ejl...eﬂ

and the corresponding algebrais given by the commutator [4]
[L ]_ fabch.l ﬂpl pk (3)

At PPk

The extended non-Abelian gauge transformations of the tensor gauge fields are defined by
the following equations [2, 3, 4]:
OAL = (60, +gf " A)E, (4)
SA;, = (60, +gf “*AL)E) + gf “PA £°,

(6ab8 +gf aCbAC)é:g +gf acb(Ac

,uv

OA]

VA

+AC é: +Acvi§ )

where 9{;1 2, (x) are totally symmetric gauge parameters. These extended gauge transformations

generate a closed algebraic structure. To see that, one should compute the commutator of two
extended gauge transformations 6, and &, of parameters n and &. The commutator of two
transformations can be expressed in theform [2, 3, 4]
[8,,0:1 Ay, ==19 6, A, s (5)

and is again an extended gauge transformation with the gauge parameters {S} which are given by
the matrix commutators

¢ =[n.¢] (6)

¢, =&, 1+, €]

¢, =& 0+, &1+, 8 1+, 61

2The algebra § possesses an orthogonal basisin which the structure constants f ®¢ are total ly antisymmetric.

3See also the aternative expansionsin [10, 11, 19, 20, 21, 37] and the algebras based on diffeomorphisms group in [38,
39, 35, 40].



The generalized field strengths are defined as [2, 3, 4]
Gi, =0,A -0,A+gf > A A, (7)
,uvl =0 Aw OVAZA +df abc( AZ A\Eﬂ + A,Sl AVC ),
,uv Ap = a,uAMp —aVA/aM.p + gf abC( AZ AVC/Ip + A,Zl AVCp + A,Sp Afl + A,Slp A(/: )’
and transform homogeneously with respect to the extended gauge transformations (4). The field

strength tensors are antisymmetric in their first two indices and are totally symmetric with respect to
the rest of the indices.

The inhomogeneous extended gauge transformation (4) induces the homogeneous gauge
transformation of the corresponding field strength (7) of the form [2, 3, 4]
= gf abCszé:C (8)
&Sa

yv/i_

of **(G,, .&°+G,,&7 ),
&BZV Ap = gf abC(G uv /Ip§ +va A§ +G,uv pgl +G2V§ﬂ(,:p )

The field strength tensors are antisymmetric in their first two indices and are totally symmetric with
respect to the rest of the indices. The symmetry properties of the field strength G;, "y remain
invariant in the course of this transformation.

These tensor gauge fields and the corresponding field strength tensors allow to construct two

series of gauge invariant quadratic forms. Thefirst seriesis given by the formula[2, 3, 4]:

Lo =146, , ;. Gl s oo
Ai li A A
_142 a G,uv Ad ;V’}”Hl‘“ﬂZs (277 R n 251125 ) ’ (9)
p's

where the sum zp runs over al nonequa permutations of i's, in total (2s—21)!! terms and the

numerical coefficientsare a’ = sli!(2s—i)!.
The second series of gauge invariant quadratic formsis given by the formula[2, 3, 4, 6]:
—14GM1 hpdey GM2 Ipdgyy T

25+1

/1. P
—182a_1 WAy ey mHl R S (Z W . 2ot 2552, (10)



where the sum le runs over all nonequal permutations of i's, with exclusion of the terms which

contain nw”l .
In order to make all tensor gauge fields dynamical one should add the corresponding kinetic

terms. Thus the invariant Lagrangian describing dynamical tensor gauge bosons of al ranks has the

form
L= gL+ gL, (1)

where L =L, .

It is important that: i) the Lagrangian does not contain higher derivatives of tensor gauge
fields ii) al interactions take place through the three- and four-particle exchanges with
dimensionless coupling constant g iii) the complete Lagrangian contains all higher-rank tensor
gauge fields and should not be truncated iv) the invariance with respect to the extended gauge

transformations does not fix the coupling constants g, and g..

The coupling constants g, and g, remain arbitrary because every term of the sum is

separately gauge invariant and the extended gauge symmetry alone does not fix them. This means
that we have a freedom to chose these constants without breaking the initial gauge symmetry. The
important question which should be addressed here is the following: Can we achieve the

enhancement of the gauge symmetry tuning the coupling constants g, and g, ?
Let us consider alinear sum of two gauge invariant formsin (1)
9.L. + 0oL,
which describes the rank-2 tensor gauge field A7, . Aswe have found in [2, 3, 4] one can choose the

coupling constants g, and g, so that the sum g,L,+g,L, exhibits invariance with respect to a

bigger gauge group (see the next section for details, where we will demonstrate that ¢, = g,/g, =1).

This means that in addition to full extended gauge group (4), which we had initially, now we have a
bigger gauge group with double number of gauge parameters. It was then demonstrated that the
corresponding kinetic term describes propagation of two polarizations of helicity-two and helicity-
zero massless charged tensor gauge bosons.
In summary the gauge invariant Lagrangian for the lower-rank tensor gauge fields has the
form[2, 3, 4]:
L=L+L,+L,=-14G* G* (12)

v = uv



_14G2V,/1sz,l _14621/621/,/%
+14G;, ,G;,  +14G] G;  +12G; G, ,.

The equations of motion which follow from this Lagrangian are:

Vibsz +12VP(GE, ., + G:’MM + GE/M) +gf A’ ,G? (13)

uv,A uv,A

—12gf ** (AL, G}

y79%

JrAfMGb +AG] +A;VGEM)

AV, MV, U

+12gf ** (AL, G2, + AS

uv y2/77%

G, +A;,G})=0

VA

and for the second-rank tensor gauge field A :

vj‘f’Gb —12(vj‘f’Gb +v’;bG" +vjbegvyﬂ+nﬂv;be" )

uv,A Y778 Av,u Y772
+gf *® A;XGZV —12gf ‘"‘°b(A;Vij,1 + A;ﬂGf{V + Aj#ijV +1,, A;pGgp) =0. (14)

The variation of the action with respect to the third-rank gauge field A, ) will give the equations

mpvjf’ejjv —12(77vaj,bejjl + mvvj}’Gb ) +12(v7j’6§; + vjbefp) =0. (15)

up

Representing this system of equationsin the form

a,u F;V +128,L1(F;?v,ll + ij,,ul + Fﬂjz,wi) = Jf (16)
a,u F;V,i _12(8;1 F,:ﬂ,v + a,u Fiav,y +aiF,:v,,u + nv/la,ul:;p,p) = jfﬂ

Uﬂpa Fa _12(77\/;76;1'::1 +77vﬂ.a Fa )+12(avai +8AFV2) = ja

Hopv Hopp vip?

where F; =0,A’-0,A},F; ,=0,A,-0,A, F. ., =0,A,,-0,A,, , we can find the

vilur b ouv, 2 viwAr b ouv,Ap v \ulp
corresponding conserved currents

i = —gf ™ ALGE, - of ™0, (ALA)) (an

v 1

_1zgf abCAz (G;v,ﬂ/l +G§ﬂ,/¢ﬂ. +Gzﬂ,v},) _128/1(|2v,/lﬂ + I\Z,;M + I;/z,vﬂ)

—of abCAE)LG;M +12¢gf abc(A;’MGC + AE/IGC

b c b c
iy )LW+AMG +A G

i uv ,ul,ﬁ)

—12gf (AL, GL + ALGE + A, GE),

uv v y778%

where 12 =gf (A A +AL A +A A, +A  A) and

uvip

j% =—gf AGS, , +12¢f abc(AZGC + AEGC + A;’G;W +7,AGS )

u= v HAY Av,u “=up.p
—gf ™ A> G® +12gf (A’ G°, + A’ G¢ + A’ G° +1,A’ G° )
g WA v g v =y Ap = uv = Av nvﬂ o = up

- gf abca,u(AzA:l + A;bMAE) +12gf abc[aﬂ(AZA;v + A/SVA;) +a/4(A2A(;1 + A:yAf)

+0, (AN, +A N)+1,,0, (AN +A A, (18)

Z ' pp upp



jjﬁp = _77],,0 gf e AZG;V +12gf e (nvp AZGZ/I + 77\/1 AZG;/J - A,gGI(/:ﬁ. - AEG\fp) (19)

—1,, 9 0, (ALA)) +12gf [0, (n,, AL AL +1,, AL AS) =0, (AP AS) — 0, (A) A)].
The conservation of the corresponding currents follows from the fact that we have enhancement of
the gauge group and therefore the partial derivatives of the |.h.s. of the equations (16) are equal to
zero

av Jj = 0’

0,J,, =0, 0,];; =0,

av Jj&p = 0’ al j\ilp = O' ap jflp = O (20)

Our aim now is to extend this analysis to the case of rank-3 tensor gauge field. We shall
consider the linear sum
OsLs +gals
and demonstrate that for an appropriate choice of the coupling constants ratio ¢, = g,/g, = 4/3 the
system will have an enhanced symmetry. The explicit form of the Lagrangian for the third-rank
tensor gauge field A;, can be obtained from our genera formulas (??), (??) and (11) when we

substitute s =2. The Lagrangian is:
L, +c,L, =-14G? , G? -18G;, ,,G;, , —12G;, ,G;, ., —18G; G, .., +

uv,Ap = pv,Ap uv.pp
a a a a a a
+cq 14G,, ,,G,.., +14G,, ,G,, , +14G G, , + (21)
a a a a a a a a
+14G,, .G, 112G, .G, ., +14G,, .G, 1, +14GWGMWP},

where ¢, = g,/g, isaconstant”.

3 Enhanced Symmetry. Rank-2 Gauge Field

As we have seen above there are two invariant forms for the rank-2 tensor gauge field L,

and L, and the general Lagrangian isalinear combination L, +c,L,, where ¢, = g,/g, isaconstant

coefficient. Let us review how this coefficient has been fixed by the requirement of an enhanced

41t is not difficult to present the explicit form of the Lagrangian for any higher-rank tensor field using expressions (??),
(??) and (12).



symmetry. For that let us consider the situation at the linearized level when the gauge coupling
constant g is equal to zero. The free part of the L, Lagrangian
L3 =12A%, (1, 10" — 11y 0,0, ) Ay =12A0,H 0 AL,
where the quadratic form in the momentum representation has the form
Hoy (K) = (K77, + KK 7,0,
is obviously invariant with respect to the gauge transformation 6A;, =0,&7, but it is not invariant

with respect to the alternative gauge transformations gAjl = 0,1, - This can be seen, for example,
from the following relations in momentum representation
KoHoor (K)=0, k,H,,. (K)= —(kznay -k, k, )k, #0. (22)
Let us consider now the free part of the second Lagrangian
L'foee =14A° (—nay,na,yﬁz - 77(10:'77;/;/62 +1,4000, +17,,0,0, +1,,0,0, +
+17,,0,0,, —217,,0,0, )AL =12A% H .. AL, (23)

where

H oo (K) =1207,,, 1,0, + 10011, )K* = 1207, K K, +77,, K K +10,,K K, +17, K K =207, K, K.
It isagain invariant with respect to the gauge transformation oA;, = 9,7, but itisnot invariant with
respect to the gauge transformations gAjjl = 0,7, as one can see from analogous relations

K,Heory (K) =0, Kk, H,,. . (K)=(k?,, —kk )k, =0. (24)
As it is obvious from (22) and (24), the total Lagrangian L)* + L) now poses new enhanced

invariance with respect to the larger, eight-parameter, gauge transformations

§Af}i = 0/15; + 8;}7;, (25)
where &7 and 7;, are eight arbitrary functions, because

k_(H

a

vy FHi ) =0, Ky (Hyp +HL, ) =0. (26)

Thus our free part of the Lagrangianis

Ly " =120 ,A%0 A, +120 A},0, AL, +

v\l
+148MA318#A3‘, _148;,A5/16,1A2v -140 A? O#Ajv +148VA;/161A2V

v i

+140,A%0 A2 120 A0, A, +140, A%, 0, A%, (27)

v u v uv

10



or, in equivalent form, itis

Lz " =128 A (o Mty = 1201001y = 120,70, )0° = 11,00,0, = 1,,0,0, +

+12(17,, 000, + 11,040y +1140,0,, +11,,,0,0, )} A, (28)
and isinvariant with respect to the larger gauge transformations oA, =0,&7 +0,7;, where &7 and

n;, are eight arbitrary functions. In momentum representation the quadratic formis

0 — 2
H ;otc’yy’ (k) - (_nayna’y’ + 1277ay’77a’y + 12770(0(’777;/’ ) k + 770(;/ ka'ky’ + na'y'ka ky
-12(n,,k, K, +n,. KK, +1,,KK, +7,KK,). (29)
Free equations of motion which follow from the Lagrangian (??) will take the form

0% (A, —12A;,)- 0,0, (AL, —12A5,) - 0,0 (A, —12A% )+ 0,0, (A:, —12A7 )

vou uv y

+12n,,(0,0 A’ —0°A2)=0 (30)

1% pMup i
and describe the propagation of massless particles of spin 2 and spin 0. It is also easy to see that for
the symmetric tensor gauge fields A’, = A}, our equation reduces to the Einstein-Fierz-Pauli-
Schwinger-Chang-Singh-Hagen-Fronsdal equation
o°A,-0,0,A,,—0,0 A, +0,0,A,,+n,00,0,A,-0°A,)=0,
which describes the propagation of massless boson with two physical polarizations, the s=+2
helicity states. For the antisymmetric fields it reduces to the equation

o°A,-0,0,A,, +0,0,A,, =0,
and describes the propagation of one physical polarization s = 0, the zero helicity state.
The above consideration brings the final form of the gauge invariant Lagrangian for the

lower-rank tensor gauge fieldsto the form (12).

4 Rank-3 Tensor Gauge Field

The Lagrangian L, +g,(L,+L,) contains the third-rank gauge fields A? ,, but without

VA

corresponding kinetic term. In order to make the fields A?

v dynamical we have to add the

corresponding Lagrangian gL, + g,L, presented in (??), so that at this level the total Lagrangian is
thesum [2, 3, 4]
L=L+0,(L, +L,)+0gs(Ls +Cily) +...,

11
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where ¢, = g,/g,. The Lagrangian L, hasthe form (??):

L, =-14G% , G° , -18G* ,G? ~ —12G?

UV Ap = pv,Ap Hv.pp uv,A

G , -18G%G® (31)

uv.App uv = pv,App !

where the field strength tensors (7) are
GZV Apo = a,u Ajlpa av AZApo- + gf abC{ AB AVC/IpO' + AZZ Afpa + Ab '%Cla' + AZO' cﬂp +
+ A,Bﬂ.p Atfo‘ + ,u/la Af + wpo AM + A,B/Ipa A‘f }

and

a — abc b b c
G,uv Apcd 8 A/),p(rb av UAPTS + gf { A A/lp(rb + Z A;M po‘b

A>p,0,0

b
+ Z ,ulp caé Z ,u/lpa + A UAPTO A }

A,p>0,0 A,p,068

The terms in parentheses are symmetric over Apo and Apoco respectively. The Lagrangian L, is

invariant with respect to the extended gauge transformations (4) of the low-rank gauge fields
ALA

wuv? ,uvﬂ

and of the fourth-rank gauge field (4)
6: A = 0,8, —10[A,. S, 1-10[A,, .8, 1-19[A,, 6, 1-10[A,,. &, ] -
—ig[A,;.8,1-19[A,,,. & 1-10[A,,. 6 1 -19[A,,;,.¢]
and of the fifth-rank tensor gauge field (4)
S:Pipo = 0,8 unps —10IA, Eipa] =19 D [A,, 6001

v dpo

—ig Z [A.::¢,0]1-19 Z[ i1 Sl —1A[ A1, €1

VA po Vipo

where the gauge parameters £, and &, are totally symmetric rank-3 and rank-4 tensors. The

extended gauge transformation of the higher-rank tensor gauge fields induces the gauge
transformation of the fields strengths of the form (8)

&;ZV Apo = gf abc(Gyv Apo é +G/1v Ap § +G/1v Ao 5 +G/1v po é; + (32)

b b b b
+Gyvl é:pcr +G/1vp 5&0‘ +G/1v o é:;p +G/1v é:;po- )

and
b b
£2v/1p05 faC(G vipa&g + Z Gyvlpcr (33)
Ap, o0
b
+ z Gyvlp 0'5+ Z Gyvﬂ pa§+G éﬂ‘fpo-b‘)'
Ap<>0,0 A>p,0,0

Using the above homogeneous transformations for the field strengths tensors one can demonstrate



13

the invariance of the Lagrangian L, with respect to the extended gauge transformations (see

reference [3] for details).

The second invariant Lagrangian can also be constructed explicitly in terms of the above
field strength tensors. The following seven Lorentz invariant quadratic forms can be constructed by
the corresponding field strength tensors[2, 3, 4]

a a a a a a a a
Gyv,ﬂpGyﬂu,vp ! Gyv,vﬂ.G,up,pﬂ ! Gyv,vﬂGyl,pp ! G,uv,)uG/M,vpp ’
a a a a a a
Gyv,ﬂG/tp,vﬂp ! Gyv,vG;tl,lpp ! Gva/tl,vlpp . (34)

Calculating the variation of each of these terms with respect to the gauge transformation (8), (32)
and (33) one can get convinced that the particular linear combination

L, =14G;, .G, , +14G;, ,G; , +14G] ,G;,
+14G;, .G;, , +12G; .G; . +14G; G; +14G. G/ . . (35)

forms an invariant Lagrangian (see Appendix A). In summary we have the following Lagrangian

for the third-rank gauge field A7,

L, + C3L'3 = _14sz,szzv,zp —18GEV'MG2VW —12GZV’AGZV'W —1SGEVGZ‘V'MW +
+c{14G;, , G, , +14G; G  +14G; ,G;  + (36)
+14sz,ﬂGZvap +1ZGEVVAGE/JMP +14sz,VGzi,/1pp +14G;VGELMPP},

where c, is an arbitrary constant. Our intention is to investigate the dependence of symmetries of
the system L, +c,L, asafunction of constant c,. The system is always invariant with respect to the
initial, extended gauge group of transformations (8), (32) and (33) for any value of the constant c,.
We wish to know if there exists a special value of the constant c, at which the system will have

even higher symmetry, as it happens in the case of the rank-2 gauge field. We shall see that this
indeed takes place.

5 Enhanced Symmetry. Rank-3 Gauge Field

The free part of the Lagrangian L, comes from the terms

~14G?, , G*, , -18G% G® (37)

MV Ap = uv,Ap uv.pp

and has the form

L;ree - _126#%/)6#%10 +128,L1A/aﬂ.paVAfMp _146/1'&\;-16#%/7 +1481L1A/aﬂj_a Aa

v upp
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= 12A2a.a., (,,0°-0,0 y)(1277a.7.77a.,7., +1277a.7.77a.,y., +1277a.a..777.7., VA%,

wr

=12A° H AL, (38)

a aoaa yy ]/}/I}/I

where the quadratic form in the momentum representation is

Hoo () ==12H,, (ot o4 o)),

aaa yyy

_ 2 . - - . . -
where H,, =k, —k,k, and by construction isinvariant with respect to the gauge transformation

OA”

—_— a
v T 8 ygvﬂ.
because we have

kH .. ..(k)=0.

aala”y/ V4
But it is not invariant with respect to the alternative gauge transformations
SA?

VA

:avé/j/1+al .

uv?

where the gauge parameter ¢, is atotaly symmetric tensor. This can be seen from the following

relation in momentum representation
k. H ... .(ky==12H, (k.77 .. +k.n7 .. +K.p..)#0. (39)
y avy y ay a yy

a aca yyy

Let us consider now the free part of the Lagrangian L, which comes from the terms

14G2V,MGEW +14GZV,MGZ‘,J,M +14ij,le;,/3,3,
thus
L;ree = +146#A&p6ﬁAjvp —148ﬂA€ﬂpaiAZVp -140, AjipaﬁAjvp +146VAjipalAjvp

+140,A%,0, A%, —140 AL,0 A® 140 A% 0 A" +140 A% 0 A

u' ppA P HpA v AT u” ppl v AT p upd
+148ﬂA€V48”Ajpp —146#A€M(34Ajpp —148VA2M<3”A§W +146VA2M<31AZW
=12A* . . H .. A%, (40)
aaa aaa yyy wy

where one should symmetrizethe H .. .. overthe o <>« , ¥ <> » and the exchange of two
aaa yyy

setsof indices aa'a” <> 77y, so that the second quadratic form in the momentum representation is
(see also Appendix B for derivation)
H

'

(k) =18{+(K* . —kK )07 1+ AT )

o
aaa yy

+(Kn =Kk ok 0 )
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+(Kn kKN ek A )
ay 14 ay ‘avy aa 'y

ay ay
+(Kn =Kk . 4.+ )}
ay Y ay ay ay ay aa Ty
-18+k.k .(n ;. .4n .40 )
a ay ay ay ay o Yy

+kk.(n m. .40 . .+n 1..)
a ay ay ay ay

aa " yy

+kk.(n ;.. 4n . 40 . .)
4 aa ay ay aa

ao “ay

+kk.(n n..+n . .+n 7. .)}
V4 ao ay aoa “ay

ay ‘aa

+14{+n, (k k.n .. +k k.n.. +k.k.7n..
a y ‘ay a y ay a y ay
+k k... +k k.p..+k k.p..)}. (41)
a y ‘ay a a yy v v aa
It is again invariant with respect to the transformation oA, =0 ,&7, because we have

kH ....(k=0,

aaa yy
but it is not invariant with respect to the transformation 5sz1 =0,{,, +0,4,,, asone can see from
the analogous relation (see also Appendix B for derivation)
k. H ... .(ky=18+H .(k.n .+k.n )
a aca yyy aa ronw ronw
+H (k.n. +k.np .)
ay yoay a -y
+H .(kn. +k.n )}
ay yoay a -y
—-14{+k k . (k. . +k.;p )+kk k.n -3,k .k K.}
a Yy ay y oy y 7y ax a yv 7
+14{+H, (kn..+k.n..+k.n..)}#0. (42
y lay v lay a ‘ry
We have to see now whether the sum

’

k. (H ... ..+cH .. ..)

aca yyy aaalyylyl

can be made equal to zero by an appropriate choice of the coefficient c,. For that let us compare the
expressions (39) and (??) for divergences. As one can see, only the last termin (?7?)

Hokn otk .. +k.n..)
and the whole term (39) can cancel each other if we choose ¢, = 2, but thiswill leave the rest of the
termsin (??) untouched, thus

k. (H ....+cH .. ..)=0

a aaa yyy aaa yyy
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for al values of c,. This situation differs from the case of the rank-2 gauge field A7 . In the last

case we were able to choose the coefficient ¢, =1 so that the divergences (22) and (24) cancel each

other and we got (26)

Ky (Hyg +Hoy ) = 0.

ad'yy'
Therefore the Lagrangian L™ +LI*" has enhanced invariance with respect to a large gauge group
of transformations oA}, =0 ,&7 +0,77, .

In order to understand the reason why in the case of the rank-3 gauge field it is impossible
fully cancel divergences we have to analyze the corresponding field equations. We shall compare
the resulting equation with the equation derived by Schwinger [12] for the totally symmetric
Abelian rank-3 tensor field in order to get better insight into the problem. It has been proved by
Schwinger [12] that it is impossible to derive field equation for the totally symmetric rank-3 tensor

which is invariant with respect to the full gauge group of transformations
oA

oz = 0,860, +0,&, +0,&,, without imposing some restriction on the gauge parameters &, . As

he demonstrated, the gauge parameter should be traceless £, =0. We shall see that similar

phenomena take place also in our case, that is, the second gauge parameter ¢, should fulfill

constraint which we shall derive below (see equation (44)).
What we would like to prove is that the equation has enhanced invariance with respect to the
gauge group of transformations
OA?

VA

= avé/:ﬂ + 81 Zv’ (43)
but in our case the gauge parameters ¢, should fulfill the following constraint:

0,85 =0,8,,=0. (44)
This takes place when we choose the coefficient ¢, = 4/3. Indeed, let us consider the equation of

motion. From the first form L* we have the following contribution to the field equation:

a — A2 pa a 2 pa a
oy AW., =0°A". . —0,0 pApa,a., +12 . . (0°A;, —0,0 ,A), (45)
and from the second one L,™* we have
H . LAY, =-18{0%(A% . +A% ., +A% . +A% . )-
aaa yyy ywy aaa aa a a aa aaa

_Oaap(AZ.pa., FAL L HAL AL )

aa p a pa aap
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—00,(A AL A AT AT A )

pa a apa aa p aa p apa

—0.0,(A A A A A A )

paa apa aa p aa p apa

-0,0 (A% + A, + AT .)—0,0 A%+ AT+ AT )+20 0 LAY Y-
a app ppa a * app pa p ppa a a

pa p app

ppPAA

~18{n [0%(A% +A. +A* .)-0.0,A%, 9,0, (A*. +A* )]+
aa a pp pa p ppa a pa A pro

+n JOP(AL +A?
aa a pp

pap

.+Appa.)—6a.8 A —alap(Apa.l+A )]+

ppAL Pla

+77a'a"[az(Aa +A )_8aap(A:pi + Ajﬂp) _alap(A;a/l +A,

\pap \opa par ZAZ/UJ ]} (46)
Summing these two pieces together we shall get the following free field equation of motion for the

rank-3 tensor gauge field:

(H ... 4CH .. )A, =0%(A

aaaly;/;/ aaa‘y;/;/ wy aca

AR —CAAL ) -

a aa

_aaap(A;‘a" - c34A2.a.,p —c34A2.,pa.) —C;40 .0 p(AZpa., +AY, A -

aa p paa

—C340 .0, (A . +A* —A* )+c,89,0 (AN +A, +A* )+
a apa poc a pa p ppa

aa p a pp

+0,80,0 (AL 4+ A + A )40 A, -

pap

—c8n, (O°A%. -0 .0,A%, +20°A . ~20,0,A% .)-

o

p AL

—c,87 .(0°A% -0 .0 A, +20°A* . —-20,0 A* .)-
3 aa a pp a ppo A7p pla

+12 . (07, —0,0,A%, —Co20° A%, +C;20,0 AL, —C320,0 A%, +C420,0, AL

@ p s pPaip oa) = 0.
We shall prove that this equation isinvariant with respect to the gauge transformation

OA, =0,(% +0,LY
if we choose the coefficient ¢, = 4/3. Performing the above gauge transformation of the field one
can see that the terms which originate from differential operators 62, 0,0,, aa.ap and aa.,ap in
the above equation cancel each other if we choose

c;,=43. 47

Therest of the terms have the following form:

(H .. ..+43H .. ..)0A*.. =

aaa yyy aaca yyy wv

+130,0 .0,¢° . +130,0 .0,¢° . 430 .0 .0,(7,+230,0 0 L),
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~167, (20,0°" .40 .0,0,¢3,+20 .0%C},)
~167 .(20,0%" 40 0,0,55,+20 .0%5,)
+ 1377ala" (apazé/paaf - aaalapé/jp) (48)

and can be rewritten in the form which makes the desired invariance explicit:

(H .. .. +43H .. ..)oA% :+130aaa.(apg§a.,—aa.,ggp)

aalay;/}/ aoa yyy WYI

+130,0 .(0,4° . —0 .£3,)-430 0 (0,45, -0,(5,)

pa

137 [0°(0,8° . 0 .¢5,)+20 .0,(0,67,~ 0,65
137 [0°(0,6% . 0,.¢5,)+20 0,(0,¢5,~0,¢5)]

+137 . (070,40, —0.85)+0,0,(0,55, —0,5 ). (49)
From that we see that if the gauge parameter satisfies the conditions (44)
0p6m =0,6, =0
the equation is indeed invariant with respect to a larger group of gauge transformations
oA’

—_— a a
Wi avgﬂi +0, because

uv?

(H .. . .+43H .. ..)oA% . =0. (50)

aaa yyy aaca yyy wvy

Thefinal form of the equation is
0*(A* .. —13A% . —13A% )-0,0,(A*..-13A°%, —13A% .)- (51)
aaa aa a a aa poa aa p a po

~130 .0, (A* L+ AT. —A L)-130.0 (AT L+ AT A" )4
a apa paa a apa aa p

aa p paa

+160,0 (A% +A . +A* .)+160,0 .(A% +A . +A* )-130 .0 A1 -
a ppa a a pp na a «a

a pp pa p pap ye

~16n .(0°A%. -0 .0, A, +20°A° .,—ZOAﬁpAa )=
aa a pp a ppa pla

p"pPAA

~-16n .(0°A% -0 .0 A, +20°A°
aa a pp a PP

plPAL

~20,0,A° )-

(o4

+12 . (0°A, —0,0,A%, —280° AL, +230,0, A, —230,0, A, +230,0,AL,,) = 0

a” p" pAi p"alp Apa
and it isinvariant with respect to the gauge group of transformations

=av§21+az . apgzﬁ_ﬁﬂ ;pzo' (52)

é‘AZM = ayé:\z.’ §Aa uv?

UVA

One should stress that there are no restrictions on the gauge parameters &, . The above invariance
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of the equation now can be checked directly without referring to the previous analysis. In summary,

we have the following Lagrangian for the third-rank gauge field A},

o a a a a a a a a
L3 + 43"3 - _14G,uv,ﬂpG,uv,lp _18G,uv,/MG,uv,pp _1ZG/JV,AG,LW,/1pp _186;1\/6;11/,1}47,0 +
a a a a a a
+13Gyv,/1me,vp +1SG/NMGW¢,,1 +13Gyv,me,pp + (53)
a a a a a a a a
+13G,, ,G,1.,, 123G, ,G,, .., t13G,, .G, ., +13G .G, .-

We shall present the free equation of motion (51) also in terms of field strength tensors. The kinetic
term of the above Lagrangian is

L, +43L,|,.,=—14F2  F? —18F,, . F.

uv,Ap~ uv,Ap Hv,pp
a a a a a a
+ 13F,uv,lp F,ui,vp + 13F,uv,vﬂ F,up,pl + 13F,uv,vi F,ul,pp ' (54)

where

F;v,lp = a;tAZ.p _a Aa

v i \ulp*

The variation of the above Lagrangian over thefield A}, gives the free equation written in terms of
field strength tensor 7, , - and itisidentical to the equation (51)

o,F: , —130 F% -130 F?

uopv,ip u' udvp

+130 F? +138ﬂFV;M +

up VA H VA up

+130,F, ,+130 F. ,+160,F;  +160 F;

Vit up Vo, Pl VA

-n,,(130 F., , +160 F )-n,(130 F. ., +160,F )+

M~ HO,0p M Hp,00 u' pdoo
+ 77),,0 (128;1 F:v,cro‘ _138;1 F,uao‘,crv + 138;1 Fvi',oy) = Jjﬁp . (55)

Aswe demonstrated, this equation is invariant with respect to the following gauge transformations:

5A;vl = 8 ;455/1 ! 5szi

:av§:z+8z, .

uv?
where the gauge parameters are totally symmetric tensors satisfying the condition (44). The initial
invariance of the equation 6A;, = 0,&7, imposes restriction on the current j7, , in particular, on its
conservation over the first index:

8\/ jjﬂp = O (56)
There are also additional constraints on the current which follow from the enhanced invariance

5sz1 =0,{,, +0,¢,,- In Fourier components the constraints on the group parameters are

¢ 03+ K833+ K(Coo =S~ 8 —Sa3) =0,
WC o +KGy =0,



20

O+ KG5 =0,
OG0 T KGa— (oo =611 =62 —63) =0,

where k* = (®,0,0,x) , therefore

Coo = Gt Epp — WK g, (57)
Ca = —KCy,
G = —OKGy,

€ = —C1 —C o — KOG g,
and we have six independent gauge parameters
Conr6o2r 608161116 221612
From thisit follows that the current components fulfill the following six relations:
K, (lpso + Jou + @Kpys + @Kis) =0, (58)
K, (Joso + Joso + @Kips + @Kjs;,) =0,
K, (0Kjo;0 + KDlg;5) = O,
K (Jozo = Jara + Jua) =0,
K (Jozo = Jara + J222) =0,
Ky (Jpiz+ J20) =0,

One can also use adifferent set of independent parameters, in particular: ¢;,615,613:6 216 23,6 5

6 Schwinger Equation for rank-3 Gauge Field

The Schwinger equation for symmetric massless rank-3 tensor gauge field has the form [12]
+0°A .. -0,0 A ..-0 0,A .-0.0A . +

a P paa a P apa a P aap

+0,0 A, +0,0 A,

a app

+0 0 .A,,~30,0 0 A-

PP

-7 . (azAppa., —0,0,A - +120 .0,A,;)~

-1 (O°A =0,0,A .+120 0,A,)~

yo)

=77+ (0% —0,0,A,, +120,0,A, )= ] .. (59)

p’pra o

and contains the scalar field A which should satisfy the high-order differential equation
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0%02A—-0%0, A

App

+230,0,0,A,,, =0. (60)

p’ alp
Taking derivatives of the l.h.s. of the above equation one can get convinced that we have

conservation of the totally symmetric current j ..

o

aa jaala” = 0 (61)

and the invariance of the equation with respect to the full gauge transformation
5A,uvﬂ. = ayé:vﬂ + av;u), + aﬂ. uv (62)

without any restrictions on the symmetric gauge parameter & ,. The great advantage of this

formulation is that we have conservation of current and full gauge symmetry (62). The disadvantage
of this formulation is the appearance of the scalar field A and its high-order differential equation.
The illuminating remark of Schwinger was to make a change of field variable of the form [12]

A .—>A . .-3070,0.0.A,

ao o aa a

which alows to eliminate the scalar field A from the field equation without changing its actual

form! The equation will take a unique form [12]:

+0°A . -0,0,A ..~0 .0,A .-0.0,A  +
aa a paa a apa

a P aap
+0,0 A +0,0 A, +0.0 A, -
-7, (0°A . =0,0,A .+120 .0,A,;)~
-7, (0°A . =0,0,A .+120 0,A)-
-1 . .(0°A,,, —0,0,A,,+120,0,A, )= .., (63)

but it is not invariant any more with respect to the unrestricted gauge transformations (62). The

gauge parameter should be traceless:

§W =0. (64)
This leads to the modification of the current conservation law:
aa jaa'a” _1477ala” japp = o' (65)

The conservation law for the current became more sophisticated because of the traceless restriction
on the gauge parameters (64). One can see that the same phenomenon aso happens in our case
where the restriction on the gauge parameters ¢, has the form (52) and the conservation law takes
the form (58). Recent discussion of the Schwinger equation can be found in [30, 31].
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7 Appendix A

The invariance of the form L, can be demonstrated by explicit variation of each term in the

sum (??). Indeed, the variation of thefirst termis

é‘éGZv,lszi,vp = ng achjv,lpGZZ,v;Z + zgf abCsz,lpG,Z/i,pg‘f + ng achftv,lpGBl \?p’

of the second termis

5.G,,,G:

uv VA up,pA

=29f*°G;, ,G., &5 +29f G

uv VA wuv VA

GZp,lé:; + ng achftv,vﬂGZpg;i’
of thethird termis

5.G:, G

WV VAT Uk, pp

=29f **G;, ,G>, &0 +9f G Gh &S +of °GE,  Gh, Ef+

uv VA uv i HA,pp = uv,v

+gf acha Gb c+gf acha Gb QZCA!

HApp " pv, A2V HApp = pv IV,
of theforthtermis

5.G2, ,G?

MV, A pdvpp

- gf acha Gb §;+29f acha Gb §;+gf acha Gb §:+

HA VPP = uv pA VP = uv, A wA,pp = uv,A

+of ab"GjMGZMf;p +2gf G2

uv,A

G;btﬂ,pé\fp + gf achZv,lGBiélfpp’
of thefifthtermis
6.G? G? =

Euv, A pp vap

gf acha Gb ‘f/{l: + gf abCGzp,vﬂGZv,iéz + gf achb Ga é:; + gf achb Ga ég‘f +

upvip = pv upvp = uv,i upAp = pv,A
abc~a b c abc~a b c abc~a b c abc~a b gc
+ gf Gﬂv,lep,vé/Ip + gf Gﬂv,/lep,/Ié:vp + gf Gﬂv,ﬂGyp,pé:vﬂ + gf G,uv,),Gyp vip?

of thesixthtermis

5.G* G, =

v 2 i jpp
gf ""bCGZLWGEfo + 2gf ab"GfMpijyvéj + of abCGzl’ppijyvéj + of achEMGjVYV P
+29f ™G, ,G;, &, +of G}, GL.&h,
and finally of the seventh termis
0:G0.Gripp =

29f G GP, , £+ 0f G2 G, £+ gf GG, £+ gf PG GE, &8 +

uv = pd vip uv = pdvpp uv = pA,App
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ng achyv HA, vpgip + zgf abCG,uv HA, lpgvp + gf abCGva,Zﬂ ppgc
gf achyv HA, vgipp + gf achva/M lgvpp + zgf abCGva,EA pgwip + gf abCG G vlpp
Some of the terms here are equa to zero, like: of **G;, ,G. &, of **G; Gp & and
gf G}, G,,&,, - Amazingly, all nonzero terms cancel each other.
8 Appendix B
The quadratic form H .. .. can be extracted from (??) and should be symmetrized over

acca yy
the o &> a', y <> 7 and over the exchange of two sets of indices aa'a’ <> 77y, so that in the
momentum representation it has the form
H . (K)=K8(+n (7.0 .+n.7n .+7..7.)
aayy aa ay vy ay ay
+n .. .+n.oq .+ .0 )
aa ay yry ay ay -y
+n (7.0 .40 .0+ 0 )
ay ay ay ay ‘ay aa Ty
+n (. .0 a0 )}
ay ay ay ay ay aa "y
—18{+k Kk (7 ..o tn o A1) 0Ty )
a ay ' yy ay ay vy

kK O om. om0 )

a ay }’7

kK o0t m 0 )

ay a;/

+k K. m e T )

ay av ay ‘ay

+kk @ n..+n .. +n 0. .)

ay 0!7

+kK.(7 n..+n n. +n 1)

ay a;/ ay ay ac Yy

kK. . .+n 0.0 0 )

aa zzy ao

+kk. n..+n 0. 40 0. )}
aa ay aa ‘ay ay ‘aa
+14{+n, (k k... +k k.. +k.k.nq..
a y avy a y ay a y ay
+k .k.n..+k k.p..+k k.n..)}. (66)
a y ‘ay a a ‘yy 7 v laa

or combining some of the terms together we shall get an equivalent form
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aaa yy}/

+ (k 277&0(” B

(k) =18{+(K’n .~k K Yo .m0 . kn .y )
a ay'yy ay ay 'y

kKk.)n . n..+n..n .+n..70
a ay yvy ay yy ay -y

)

+(K%n kKN 0T )
ay ‘ay aa Ty

+(k*n .-
ay
—18{+k k
+kk . (n
+k, k (n

aa

+kk - (n

ay Uf}/

kK)o .n..+n..n. +n7. .17 )}
/4 ay ay ay ‘ay aa

A n.otn .0 )
a ay ay ay ay o Yy

Aot k)
ay “ay ay ay

acx Y4

T ov 0] 0]t 0] )
ao “ay ay aa

U(}/

Aok n 1+ 1)}
aoa ay aa ay ay aa

+14{+n, (k k... +k k.n.. +k.k.7n..
a y ‘ay a y ay a y ay

+k .k.g ..
a y ‘ay

+k ok kK )Y

This expression can be used to calculate divergences. Indeed,

k. H'

a aaa;/y;/

(k) =18{+(k - —k.K (k7.

+(k?n .-k k k. +k.p. +k.p )
ay 7 ay v tay a

+(kk*n .-
ay
—18{+k%k

+kok (2

kK (k7 -
Y ay

k.7 .. +k.n. +k.ng )}
e ay 7y o ay a

S0k A )
ay ay ay ay aa yy

o+ 2kn +kn )
ay yoar ry

42k kK Kk )
7y laa 7

ay

+14{+77ay(k2k 7. +kK .y KK
y avy vy oay a yy

or using the operator H_,

k.

a omcay;/;/

H ar (k777a”y

=k*,, —k,k, onecan get
A(K)=18{+H . (k.. +k 7
rry ronw

~Hk.n., +k.np )
y o ay a yy

H (k. +k.n. +k.n )}

-18{+H

. krny'/ + Hay. kyna.,y., +H k..

ay

ay

+k. . +k.np )
ronw row

+3K .k K.}
a y 7

+k.n )
v

(67)
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+kk.(2k.p +2km . +2kn. )
a y o ay y oy Yy
+kk.(2k,n .. +2k. )+2k kK .k,7 ..}
Y ay y oo V4 ay
+14{+n,, (Kk 7 .. +k%k . .+ KK 43K KK
y o ay y oay a yy a y 7y

and canceling the identical terms we shall get
k H ... ..(k)=18{+H .(k.7 .+k.n )
a acayy aa Va4 v

+H (k.. +k.n )
ay yoay a -y
+H (k. +k.n )}
ay y o ay a -y
-14{+kk .(k.n .+k . )+kk k.n .}
a Yy ay y oy y 7 ao
+14{+H kn..+H_ k.n..+H k.p..
yoay y o ay a
+3n,,k .k .k.}.
a y 7

Again collecting terms we shall get the final expression:

KH .. ..(k)=18{+H .(k.7 .+k.p.)
aa row Yo

a aaa yy

+H (k.n. +k.n .)

ay ~ 7y ay a Ty
+H (k. +k.p ) (69)

ay "y ‘ay a Ty
_140+k K (Ko Ak DKok K =37, K kK.

a "~y ay v tay v 7 aa a 7 7
F14(+H, (K. .. +K.n .k )},
y avy vy oay a vy

which has been used in the main text.
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