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THE SET OF 2-GENERETED C*-SIMPLE RELATIVELY FREE GROUPS
HAS THE CARDINALITY OF THE CONTINUUM
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In this paper we prove that the set of non-isomorphic 2-generated C*-simple
relatively free groups has the cardinality of the continuum. A non-trivial identity
is satisfied in any (not absolutely free) relatively free group. Hence, they cannot
contain a non-abelian absolutely free subgroups. The question of the existence
of C*-simple groups without free subgroups of rank 2 was posed by de la Harpe
in 2007.
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Introduction. By definition, the reduced C*-algebra of G is the closure of the
linear span of the set {Ag(g)|g € G} in the operator norm, where Ag : G — U (l»(G))
is the left regular representation of a group G. The reduced C*-algebra of G is denoted
by C,.q(G). A C*-algebra is said to be a simple if it contains no proper nontrivial
two-sided closed ideals. A group G is said to be C*-simple if the algebra C,.4(G) is
simple. The C*-simplicity of a group implies the triviality of its amenable radical
(see, e.g., [1]). In particular, if a given group is C*-simple and amenable, then it is
trivial. We recall that the amenable radical of a group is a maximal amenable normal
subgroup of this group. M. Day showed in [2] that any group has an amenable radical.
In the 2017 paper [3], it was proved that the amenable radical of a group G is trivial if
and only if the C*-algebra C,.;(G) of G has a unique trace.

The question of whether these three properties of a group (of being a C*-simple
group, having a unique trace, and having a trivial amenable radical) are equivalent was
open for a long time (see, e.g., [1], Question 4). In 2017, the part of this problem was
solved. More precisely, examples of non-C*-simple groups with a trivial amenable
radical were constructed in [4].

In the 1975 paper [5], Powers proved the C*-simplicity of free groups of rank 2.
Then, various authors described other interesting classes of C*-simple groups. For

* E-mail: avarujan@ysu.am


https://doi.org/10.46991/PYSU:A/2020.54.2.081
avarujan@ysu.am

82 V. S. ATABEKYAN

example, the free products of two groups [6], the outer automorphism groups of
free groups of rank > 3 [7], and relatively hyperbolic groups without nontrivial finite
normal subgroups [8] are C*-simple. The following questions were posed in the survey
paper [1] (see [1], Question 15):

(1) Does there exist a group which is C*-simple and which does not contain non-
abelian free subgroups?

(i1) Is a Burnside group of exponent n on k > 2 generators C*-simple for n large
enough?

In [9], Ol’shanskii and Osin gave a positive answer to Question (ii). A little
later, yet another proof of the C*-simplicity of the free Burnside groups B(m,n) of
sufficiently large odd period was given in [3], which used properties of free Burnside
groups obtained previously by S. Adian in [10] and by author in [1 1]. This proof is
based on the following C*-simplicity criterion.

Lemma 1. (see [3], Theorem 1.3). A discrete group with countably many
amenable subgroups is C*-simple if and only if its amenable radical is trivial.

In [12] (2016) it was proved the following more general theorem: The
n-periodic product of an at most countable family of any finite or countable groups
having no involutions and containing only countably many amenable subgroups, is a
C*-simple group for any odd n > 1003. This result implies that an n-periodic product
of a countable family of any finite or cyclic groups without involutions is C*-simple
for any odd n > 1003. In particular, the free Burnside groups B(m,n), that is, the
relatively free groups of the variety of all groups satisfying the identity x" = 1, are
C*-simple, since they are n-periodic products of cyclic groups of order n.

The aim of this paper to show that in fact there are other relatively free
C*-simple groups.

Theorem 1. The set of non-isomorphic 2-generated C*-simple relatively
free groups has the cardinality of the continuum.

Consider the following famous family of words on two variables: {[x?" y"|"},
where [a,b] = aba~'b~!. Tt is well-known (see [13]) that if p ranges over the set of
all prime numbers then the group identities {[x”",y?"]"} = 1 are independent, that
is, none of these identities follows from the others. This implies that for every odd
n > 1003 there are continuously many distinct varieties .<7,(IT) corresponding to
distinct sets IT of primes. So for every fixed value m > 1 there are continuously many
non-isomorphic groups I'(m,n,II), where I'(m,n,II) is the relatively free group of
rank m in the variety 7, (IT). Hence, Theorem 1 is an immediate consequence of the
following

Theorem 2. Any group I'(m,n,II) is C*-simple.

Note that the groups I'(m,n,IT) were introduced and investigated by S.I. Adian
in [13] and [14], where he also proved the independence of the system of identities
{[xP",yP"]"} = 1 for prime p, solving the finite basis problem in group theory posed
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by B. Neumann in 1937. Latter on in [15] and [16] there were established some new
properties of groups I'(m,n,IT).

In the presentation below, we use the notation and terminology of the mono-
graph [13] and the papers [16], [17] without special references.

Some Auxiliary Statements. Let I'(n,IT) = I'(2,n,I1) be a free group of rank
2 of the above mentioned group variety .<7,(IT) with the free generators b,c. Consider
the the homomorphism 7 : I'(n,IT) — I'(n,IT) given on the free generators b and ¢ by
the formulae 7(b) = cbh’c and 7(c) = bc®b (any map from the set of free generators of
a relatively free group to the same group has a homomorphic extension).

Proposition 1. For any odd n > 1003 and any positive integer k > 1, a
word A is an elementary period of some rank 'y (A € .#y) if and only if T5(A) is an
elementary period of rank y+k (A € My i), where 7 is the k-th iteration of the
homomorphism t : T'(n,IT) — I'(n,II).

Proof. This statement is an analogue of Proposition 1 from [11]. Its proof is
identical with the proof of the mentioned proposition, so we skip it. O

Lemma 2. Any non-trivial normal subgroup of I'(n,I1) contains an elemen-
tary period C of some rank & such that C = [A?, Z~'B4Z] in rank o« — 1, where A and B
are minimized elementary periods of some ranks 8 and 6, Z € My_1, 0 <o <o —1
and d = 191.

Proof. The proof coincides with the proof of Lemma 7.3 from [17]. O

Lemma 3. Suppose that the commutator [A?,Z~'BZ] is equal to an ele-
mentary period C of rank B in the group I'(2,n,I1, — 1), where A is an elemen-
tary period of rank 8, B is an elementary period of rank 6, Z € Ms_1, 6 < 0 <
B —1,d =191, n > 1003 is an arbitrary odd number, and the words A9 and BI
occur in some words in the sets Ms_, and Ms—1, respectively. Then the elements
u = C?0AC?0A2... AP=1C200 = C30AC3042... A" 1C390 generate a subgroup
isomorphic to the group I'(n,II).

Proof. Consider an arbitrary reduced word W (b,c) in the group alphabet
b,c,b~1,c™! which is not equal to the identity in I'(n, II). It follows from the principle
of symmetry ([2], Ch. I, §§5.1-5.3) that the word W (b~!,c™!) is also not equal to the
identity in I'(n, IT).

We claim that the word W (C290AC?%0A2. .. An-1C200 C3004C30042. .. gn=1C300)
obtained from W (b, c) when the latter is subjected to the letter-for-letter substitution

C:f:l — (C300Ac300A2 . _AnflC:’)OO)j:l
is also not equal to the identity in I'(n,IT). This will mean that the words
U= CZOOACZOOAZ . 'An—ICZOO, Vv = C300AC300A2 . 'An—]Cf}OO

form a basis for a relatively free subgroup of rank 2 of I'(n,IT).
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Let k be a fixed positive integer satisfying the inequality k > [W(b~!,c—1|. By
Lemma 2.4 of Ch. VIin [13] we can find a word Y € .o such that W(b~!,c™ 1) =Y
inI'(2,n,I1,k). By our assumption, ¥ # 1 in I'(n,IT).

By making some changes in the definition of the groups I'y and I"in [16, 1 7],
we construct auxiliary groups I'; by induction on the rank j > 0.

For ranks j < Y+ k the definition of the group I'; coincides with that of the
group I'(a,n, j) [123], that is,

rj:<b,c\E":1,Ee U£ﬁ>,
B<j
where & is the set of all marked elementary periods of rank f3.
Let j > B +k. According to Proposition 1 we have 78(Z) € A5, 4_;, TH(A)
is an elementary period of rank & +k, T¥(B) is an elementary period of rank ¢ + k,
8 +k < o+4k<B+k— 1; furthermore, the words 7¢(A?) and 7¢(B?) occur in some
words in the sets .#g ;1 and .#s._1, respectively.
Let
Ry = T8(CPOACP042 . An=1¢200)p,
Ry = TH(C30AC3042 .. pgn=1¢300)

We set

r;= <b,cyR1 =1,Rh=1,E"=1,Ec U£ﬁ>.
B<j
Finally, we define the group I':

= <b,cR1 =LR=1LE"=1E€ | £ﬁ>.
p=1
By the definitions of the words R; and R», in the group I' the equalities

Rib~ = T5(CP0AC20A2 ... An=1 200,
Roc™! = TH(C30AC3042 ... gn=1¢300)
hold.
Therefore under the homomorphism ¥ : T'(n, IT) — I' we have the equalities
TR (W (CPOACR042 ... An—1 200 (300430042 gn—1300)y
=WRb LR =W(H e,
By hypothesis we have W (b~!,¢1) =Y in the group Iy = I'(n,I1,k) and Y € o7, 1.
If we suppose that W(b~!,c™!) = 1 in T, then we obtain ¥ = 1. Then for some & we
have Y =" 1, that is, according to Lemma 2.8 of Ch. VI in [13] we obtain ¥ ~¢ 1.
On the other hand, by Lemma 2.16 of Ch. IV in [13] we obtain ¥ = 1, which is a
contradiction.
Consequently, W(b~!,c=!) # 1in T and, since the word
W (C2OAC20042 .. An=1¢200 (300430042 gn—1300)
is an inverse image of the word W (b~!,c~!) under the homomorphism ¥, we have
W (CPO0ACPMA2 ... An=1¢200 300430042 An=1300) 4 |
in I'(n,IT). O
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Lemma 4. Any non-trivial normal subgroup of T'(n,I1) is non-amenable.

Proof. By Lemma 2 and 3 a non-trivial normal subgroup of I'(n,IT) contains
elementary periods C and A such that the elements u = C?0AC?0A% ... A"—1C200,
v = C30AC30A2 ... An=1C3%0 generate a subgroup isomorphic to the relatively free
group I'(n,IT).

Obviously, the free Burnside group B(2,n) is a homomorphic image of the
group I'(n,IT). By well-known theorem of S.I.Adian (see [10]), the group B(2,n) is
non-amenable. Since B(2,n) is a quotient group of I'(n,II), then the latter is also
non-amenable (every quotient of an amenable group is amenable). O

Lemma 5. The amenable radical of T'(n,I) is trivial.

Proof. By definition the amenable radical of a group is a maximal amenable
normal subgroup of this group. By virtue of Lemma 4 the trivial subgroup of I'(r,II)

is its only amenable subgroup. ]
Proof of Theorem 2. Theorem 2 follows from Lemma 4 and Lemma 1 (a
criterion of C*-simplicity). O
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Jd. U. URUABU3UL

NUMUABHULALEL UQUS 2 suLNMNd, C-NUNQ URELh AUQUNFE8UWL
NenrnrE-8NrFLe UNLShLNFNFU |

Whwpwipnd wywugnigynd k, np ng hgninpd 2 dtnpnny hwpwptijubn-
nhl wquyp C*-yuipg pudpbiph puqunipyud hgnpnipmanp Yniphtinund £ 8mipw-
pwbgjmp hwpwpbpuwuwinptb (ng puguwpdwy) wqu fudpmd qiinh mbh nplk ng
yphyhwy Gnybmpynid: NEplwpwnp npubtp sk Jupnn wupnibwyty ng wpbpjub
pugwpdiwl wqup Gbhpwhinudp: 2 nwigh wqup Gipwhnuip sywupnibwynn
C*-wuwpq hiptph gnympjub hwpgp gpdty © N np o qw Swpwh Ynndhg 2007
pPYwlwbhi:

B. C. ATABEKAH

MHO?KECTBO 2-IIOPO?KAEHHBIX OTHOCUTEJIBHO CBOBO/JIHBIX
C*-IIPOCTHIX I'PYIIII UMEET MOIITHOCTDb KOHTHYYMA

B pabore mokazaHo, UTO MHOXKECTBO HEU30MOPQHBIX 2-TIOPOXKICHHBIX
OTHOCHUTEIHHO CBOOOMHBIX C*-IIPOCTBIX I'PYHI UMEET MOIIMHOCTbh KOHTHHYYMA.
B kak10i OTHOCUTEILHO CBOGOIHOI (HE aBCOIOTHO CBOOOIHOI ) IPYTIIIEe BBIIOJI-
HSIETCsT HETPUBHUAJIBHOE TOXKIecTBO. Cire10BaTeIbHO, OHM HE MOTYT COJEPKATD
HeabeieBbIX abCOJIIOTHO CBOOOAHBIX MOJArpynn. Bompoc cyiiecTrBoBaHmst
C*-TIpOCTBIX IPYII, KOTOPbIE HE COIEPKAT CBOOOIHBIX MOATPYII PaHTa 2, ObLI
nocrasyen 1. ge ag Apnom B 2007 rosy.
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