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Mathematics

ON CONSTANT COEFFICIENT PDE SYSTEMS AND
INTERSECTION MULTIPLICITIES

N. K. VARDANYAN *
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In this paper we consider the concept of the multiplicity of intersection points
of plane algebraic curves p,q = 0, based on partial differential operators. We
evaluate the exact number of maximal linearly independent differential condi-
tions of degree k for all kK > 0. On the other hand, this gives the exact number of
maximal linearly independent polynomial and polynomial-exponential solutions,
of a given degree k, for homogeneous PDE system p(D)f =0, ¢(D)f =0.
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Introduction. The space of all polynomials in two variables is denoted by II.
The subspace of polynomials of total degree at most m is denoted by I1,,. The two
variables are denoted by x = (x1,x;) or sometimes by (x,y). For & = (o, 02) € Z2
seto!l =oy! !, o] =) + .

Then, for x = (x1,x2) and y = (y1,y2) denote

Xy = x1y1 +x2y2, X% :=x%x0%.
The differential operator given by the polynomial r € I1 is denoted by
r(D) := r(Dy,D,), r'% := D% := (D|)* (D,)®r, where D; := D,,.

To simplify the notation, we shall use the same letter p, say, to denote the
polynomial p and the curve given by the equation p(x,y) = 0. Thus the notation
A € p means that the point A belongs to the curve p(x,y) = 0. Similarly p N g for
polynomials p and ¢ stands for the set of intersection points of the curves p(x,y) =0
and g(x,y) = 0.

Next we bring the PD multiplicity space (see [1-3]) for A € r € I :

M, (r)={h€1: D*h(D)r(L) =0Va € Z% } .
We have that (see [2]) the space M}, (r) is D-invariant, meaning that

d d
fEM;L(r)iaicandaiEMl(r). (D)

Denote by Zy = pNgq the set of intersection points of curves p,q € I1.
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Definition. Suppose that p,q € [Tand A € Zy. Then the following space is
called the multiplicity space of the intersection point A :

My (p,q) = My (p) "My (q).-

The number u, (p,q) := dimM, (p,q) is called the arithmetical multiplicity of the
point A.

Let
p="Y, ayxy, q=Y by 2
i+j=m i+j=n

In the sequel we will use Resultant of p and g (see [4], section 10):

ap ai am
ap ai am
_ ap a; - - am
bo by - - - - by
bo by -+ e e e by,

Here we have n rows of a’s and m rows of b’s. All other entries equal 0.

Theorem 1. (see [4], Theorem 10.7). The homogeneous polynomials p and
q given in (2) have no common factor if and only if R(p,q) # 0.

Intersection Multiplicity as PDE System Solution. Let us start with the
following result (see also Theorem 6 in [5]):

Theorem 2. (see [2], Theorem 5). Suppose that A is a solution of an alge-
braic equation r(x) = 0, r € I1. Then a polynomial h € T1 belongs to the multiplicity
space M (r) if and only if the function

y = h(x)exp(Ax)
is a solution of the PDE
r(D)y=0. 3)
In particular, for A = 6 := (0,0) the following relation holds
h e Mg(r) <= r(D)h=0,where r,h € I1.

Denote the space of polynomial-exponential solutions of PDE (3) by

8,(r) :=={y=h(x)exp(Ax) : r(D)y =0, h € I1}.
For p, g € I1, consider the following PDE system:

p(D)f =0, @
q(D)f =0.

The corresponding space of solutions for PDE system denote by
82(p,q) :==8x(p) N8 (q).
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Main Result. Denote for A € r € IT:
Mk,l (r) =M, (I’) NII, Sk,l (r) =8y (I’) NTI,.
First, we are going to find the dimensions of these spaces for any k.
Of course, in view of Theorem 2 the following equality holds
dim M 5 (r) = dim8; 5 (r), r €Il (5)
We say that A is an mg-fold zero for p, if the least nonzero homogenous part of
p(x+A) is the mp-homogeneous part.

Theorem 3. Suppose that p € 11 is a polynomial, for which A is an
mo-fold zero. Then the PD equation p(D)f = 0 has exactly Dy linearly indepen-
dent solutions of the form

h(x)exp(Ax), he I,

where Dy is the k™ partial sum of the following series:

Y dii=1+4244mo+mo+---+mo+- (6)
i=0

In view of (5), we obtain

Corollary 1. Suppose that p € 11 is a polynomial, for which A is an
mo-fold zero. Then there are exactly Dy linearly independent polynomials in the
space My 5, (p), where Dy is the K" partial sum of the series (6).

Proof of Theorem 3. Without loss of generality assume that
A=6:=(0,0) €p.
Suppose f €11, o
f(xay) = Z %jxlyj'
i+j<m
Denote the k' homogeneous part of f by f;, i.e.
fk(xvy) = Z %jxly]'
i+j=k
Suppose that p is a bivariate polynomial of degree m; having mg fold zero at
the origin: o
plry)= Y, apxy.
mo<i+j<m
For the brevity set m = myg. Evidently we have that 8; ¢ (p) =TIy if k <m—1.
Now consider the space 8 ¢(p), where k =m+s, s > 0. We have f € 8 ¢(p)
if and only if

P(D)f = (Pm+pm+l ‘|‘“'+Pm+S)(D)(fm+"'+fm+S) =0,

i.e.
pm(D)fm+pm+1(D)fm+1 +pm+2(D)fm+2+ + pm+s(D)fm+s
+ pM(D)fm—H +pm+1(D)fm+2+ +pm+s—1(D)fm+s

+pm(D)fm+s—1 +  Dm+i (D>fm+s
+ pm(D)fm+s =0.
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The coefficient of x*y# where a+ B =r, r =0,...s, is obtained from the "
line in above and equals to zero:
(i+o)! (j+P)! (i+a)! (j+P)!

s—r
Z dij al ﬁ' ’}/i+06j+[3+ Z Z aij al ﬁ‘ %’+a]’+ﬁ :0,
i+j=m : : k=1i+j=m+k : :

forVa,B with o+ 8 =r, r=0,...,k—m. Here we separated the first sum for the
convenience.
By multiplying above equality by o!f!, we get

k—m—r

Z aij(i+a)!(j+B)Yirajp + Z Z aij(i+a)'(j+B)Yirajp =0,
i+j=m s=1 i+j=m-+s

for Va, with a +B =r, r =0,...,k —m. Variables present in the first sum are

Yom+rs Yimtr—1s - - - s Yinrs Yt 1r—1s - -+, Ym+r0- Lhe corresponding main matrix is
apcy aicy AmCm O O
0 ayc; ajcr ApCms1 0 0
0 0 |
O 0 A0Ch—m—1 A1Ci—m e e e o Al 0
O O aoCi—m alck—m+1 e e e e A Ck

where we set for the brevity a; = a;,—; and ¢; = i!(m —i+r)!.
By dividing the i’ column by c;, we get the following (k—m + 1) x k matrix

aO al ce vee vee ce am 0 0
O e 0 aO al e cee o ce a’n 0
0 oo e 0 dy @ e e e e ay,

Since p;; # 0, in view of Theorem 1, we get that the above matrix is full (row)
rank. Thus we get that all 1 +-2+---+ (s+ 1) conditions are independent and
dim8; o(p) =dimIl —[1 4+ (s+ )] =[1+ -+ (k+1)] = [1+---+ (s +1)]
=[l4+-+m+[m+1)+-+m+s+1)]—[1+2+---+(s+1)]
=dimIL,_; +m(s+1).
Thus we obtain that dim8; g(p) =1+ ---+ (m— 1) +m(k —m+2), where
k>m—1. O

For the next result we accept a very common restriction from the theory of
intersection. Namely, we assume that the two polynomials p and g have no common
tangent line at an intersection point A € Z. This means that the lowest homogeneous
parts of the polynomials p(x+ 4) and g(x+ A4) have no common factor.
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Theorem 4. Suppose that polynomials p,q € I1 have no common tangent
line at an intersection point A € Zy. Suppose also that for p and q the point A is an my
and no-fold zero, respectively, mg < ng. Then the PDE system has exactly Dy, linearly
independent solutions of the form

h(x)exp(Ax), h €Iy,

where Dy is the k™ partial sum of the following series:

Y di=142++(mg— 1) +mo+--+mo+Hmo—1)+---+140+---+0+--- . (7)
=0 \_VT/
no—mo+

Corollary 2. Suppose that polynomials p,q € I1 have no common tangent
line at an intersection point A € Zy. Suppose also that for p and q the point A is an my
and ny-fold zero, respectively, mg < ng. Then there are exactly Dy, linearly independent
polynomials in the space My, ; (p,q), where Dy is the K™ partial sum of the series (7).

Proof of Theorem 4. Without loss of generality assume that
A =0:=(0,0) € Zy.

Suppose that p and g are bivariate polynomials of degree m; and n; having myg
and ng-fold zero at the origin, respectively:

pey)= Y apy, qxy)= Y byxlyl.
mo<i+j<mj no<i+j<ni
For brevity set m = mg and n = ng. Suppose that m < n. Let f € I1:
Fy) =Y wx'y’.
i+j
Note that

Pi (D)fl—‘rs — Z

a-+B=si+j=l

PLARILLIAY  N——

aij o B! Yivaj+px Y

Let
8k(p,q) :=86(p,q) N1Ik.

Evidently we have that 8; ¢(p,q) = Sxe(p),if k <n—1.
Consider the case k = n+s, s > 0. We have that f € S,+4(p,¢q) if and only if

PD)f = [pm+Pmst + -+ Purs] (D) (fon + fns 1+ + fars) =0
and
q(D)f: [qn+QH+1 +"'+qn+s}(D)(fn +fn+1 +"'+fn+s) =0.

Thus, to the obtained conditions for p, we add the following 1 +---+ (s+1) for g :

qn(D)fn+Qn+l(D)fn+1+qn+2(D)fn+2+ + Qn+s(D)fn+s
+ QH(D)fn+l+Qn+l(D>fn+2+ —l—qn+s_1(D)fn+s
+ +

+@u(D) furs—1+  qui1(D)furs
+ Qn(D)fn+s:0'
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1—1—06 ]+ ]—|—
)y bu B)! 7+a/+ﬁ+z Y bz/ LU B): Yivaj+p =0

i+j=n o! B‘ k=1i+j=n+k OC' B!

forVa, B, with e+ =r, r=0,...s. In the same way as in the proof of the previous
theorem, by using Theorem 1, we get that all these conditions are independent together
with the described conditions for p. Thus we get

dim8,+5(p,q) =dim8,4+5(p) —(14+2+---+s+(s+ 1))
=142+ +(m—1))+m(n+s+2—m)—(142+---+s+(s+1))
=142+ -+ (m—1))+m(n—m+1)+(m—1)+(m—=2)+---+(m—s—1).
In particular, for s = m — 2 we get that
i S (prq) = mlm— 1) +mn—m-+1) =
In the case of s =m — 1 we get that
dim8,4,—1(p,q) =m(m—1)+m(n—m+1)+0 = nm.

This means that there is no polynomial of degree m+n—1in 8,,+,—1(p,q).
Hence in view of D-invariance we conclude readily that there is no polynomial of
degree > m+n—11in 8¢ (p,q). O

In particular, we obtained a result of Avagyan (Theorem 3 in [6]) stating that
dim8 (p,q) = mony, if the conditions of Theorem 4 hold.

Received 21.02.2020
Reviewed 10.04.2020

Accepted 17.04.2020

REFERENCES

1. Marinari M.G., Méller H.M., Mora T. On Multiplicities in Polynomial System Solving.
Trans. Amer. Math. Soc. 348 (1996), 3283-3321.
https://doi.org/10.1090/S0002-9947-96-01671-6

2. Hakopian H.A. ‘A Multivariate Analog of Fundamental Theorem of Algebra and Hermite
Interpolation’. In: Bojanov B.D. (ed.) Proceedings of the International Conference on
Constructive Theory of Functions, Varna, June 19-23, 2002, Darba, Sofia (2003) 1-18.

3. Hakopian H.A., Tonoyan M.G. Partial Differential Analogs of Ordinary Differential
Equations and Systems. New York J. Math. 10 (2004), 89-116.

4. Walker R.J. Algebraic Curves. Springer, Heidelberg (1978).

5. Hakopian H.A.., Tonoyan M.G. ‘On a Multivariate Theory’. In: Bojanov B.D. (ed.) Approx-
imation Theory. A Volume Dedicated to Blagovest Sendov, Darba, Sofia (2002), 212-230.

6. Avagyan G.S. On Multiplicity of Intersection Point of Two Plane Algebraic Curves.
J. Contemp. Math. Anal. 45 (2010), 123-127.
https://doi.org/10.3103/S1068362310030015


https://doi.org/10.1090/S0002-9947-96-01671-6
https://doi.org/10.3103/S1068362310030015

114 N. K. VARDANYAN

L. b JUMrMMuL3uL

NHUSUSAFL &NCroWyh3LENNY UHULULUTL WoWLS3UILE NY NSUUWYUre6 b
BJd uNCErh NUSAFULELh MUSHUNFE-8WL JELPURAEMBUL

Wyu hnnuwdnd phbwpyymd L hwppe hwitpwhwyjuiub p,g = 0, Ynptiph
hupdwb Ypiph wugphynpjud hwuljugnipimop hhdtdwd Jwubwlh wdwbg-
Jubtipny wppynn owytpuypnpbbtph Yypu: Uklip npnpnid Giip & wupphwith wnwyb-
[ugnyb gdnptl wbwju nhdtiptbghw) wwydwbdbtph G2qphyp pubwlp pnnp ng
pugwuwlub k-tph hwdwp: Ujnwe Ynnihg uw quhu £ p(D)f =0, g(D)f =0
dwulwlui wowbgyuitpny hwdwutin hwmwuwpnuitiph hwdwupgh & wugpp-
Swih dwpuhdw) gonptl wiup puquuinudiwht b tpuynbtbghw-puquwb-
nuiwjhl (mdmitbkph dpgpphp pwbmyp:

H. K. BAPJIAHAH

O CHUCTEMAX YPABHEHUIN B YACTHBIX MMPOU3BOJIHLIX C
IOCTOAHHBIMU KOOOUIIMEHTAMI 11 KPATHOCTAX
INEPECEYEHIIT KPUBBIX

B aT0it cTaThe paccMaTpuBaeTcs MOHATHE KPATHOCTH TOYEK TTepecedeHUs
IJIOCKUX ajrebpamydeckux KpuBbiX p,q = (0 Ha OCHOBE OIIEPATOPOB B YaCTHBIX
ITPOM3BOJIHBIX. MBI ompejiesiseM TOYHOE YHUCI0 MAKCUMAaJbHBIX JITHEWHO He3a-
BUCUMBIX T depeHITnaabHbIX YCI0BUAM CTEeeHn k JI/Is1 BCEX HEOTPUIATETbHBIX
k. C apyroit CTOPOHBI, 9TO JIaeT TOYHOE YUCJIO MAKCUMAJIbHBIX JUHEHHO He3a-
BUCUMBIX IIOJIMHOMUAJBbHBIX U ITOJMHOMUAJIbHO-IKCIIOHEHITUAJbHBIX PEIeHUN
3aJTaHHON CTENeHn k JJIsT OJTHOPOHON CHCTEMBbl ypaBHEHUM B YACTHBIX ITPOU3-
Boaubix p(D)f =0, g(D)f =0.



