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ON THE CONVERGENCE OF FOURIER-LAPLACE SERIES
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In the present paper we prove the following theorem. For any & >0 there
exists a measurable set G S° with measure mesG > 47z — &, such that for each
f(x)e L'(S?) there is a function g(x)e L'(S”), coinciding with f(x) on G with
the following properties. Its Fourier—Laplace series converges to g(x) in metrics
N
2Ll 0.0)  <<3|gl,, <1211
n=l

L(S")

L'($%) and the inequality holds sup
N
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Let S° be the unit sphere in three-dimensional Euclidean space R®. The
Cartesian and spherical coordinates of a point x = (x,,X,,x;) € S” are connected by
relations

x, =sinfcosp, x,=sinfsing, x;=cosf, 8<[0,7], p<[0,2x].
Let Z'(S?) be the class of functions f(x)= f(0,9), xeS°, with bounded

integral m f (x)|ds, where ds =sin@d@d¢ is the area element of the surface S°>.
S3

We denote by |f||, the norm of f(x) in L'(S%), ie. |f], = £ j | f(x)|ds . It is
known (see [1-3]) that in R’ there are 2n+1 linearly independent spherical
harmonics of order n:
p,(cos@), p'(cos@)cosmep, p(cosb)sinmep,
m=12,...n,n=0,1,2,....,.0<0<7,0<p <2,
where p, (¢) are standard, p,'(¢) are adjoint Legendre polynomials. Any spherical

(1)

function Y, (9,¢) of order n may be represented as a combination of functions (1):

1 u .
Y (0,9)= Ean,()pn (cosO)+ > pr(cosO) [a,(,’") cosme + B sin mgo] .
m=1

Note that the functions Y (6,¢) as well as the functions (1) form orthogonal

systems on S and
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4
||pn (Cose)||L2(S3) - 2n +1’ 2
27 (n+m)! :
0 0 TSR
”p (cos )cosm(p s p, (cos )smm(/) 26 n+l (n—m)!

Note that there is a renewed interest to spherical functions (see for instance [1-5]).
For f(x)e L(S?) we put

(m)(f) 2n+l (n-m) zfiff(ﬁ @) pr (cos@)cosmesind dO do,
2t (irm)y
Bl 2n+1 (n-m)!1’f% . .
(NH= ij(@ @) pr(cos@)sinme sind dO de,
27z (n+m)!y 3)

VL (0:0)]==a)” (f)p,(cosd) +

+ Z U™ (cos 9)[aflm) (f)cosmp +b™ (f)sin me).

m=1

The series Y Y,[f,(0,9)] is called Fourier—Laplace series for the function

n=0
/(6,9).
In 1975 A.Bonami and E.Clerc [6] proved that there is a function

£(0,p) e L'(S*) such that its Fourier—Laplace series diverges in the metrics L' (S°) :

Z v (9,¢)]—f(t9,<0)]

n=1

In the present work we prove the following theorem.

Theorem. For any &>0 there is a measurable set G —S° with measure
mesG > 47z — ¢, such that for each f(x)e L'(S®) there is a function g(x) e L'(S”)
coinciding with f(x) on G, whereas its Fourier—Laplace series converges to g(x)

in £'(S*) and

hm = +o0.

N
sup ZYn[g,(H,(p)] <3||g||L'(S3) Sl2||f||-
N |[n=1 (%)

Remark. This Theorem is a strengthening of M.G. Grigorian’s result
(Theorem 1, [5]). To prove the Theorem we use the method developed by M.G.
Grigorian in [7, 8]. However the idea of improving the convergence of Fourier
series through changing the function being decomposed on a small measure set,
belongs to D.E. Menshoff [9, 10]. In this direction a number of interesting results
were obtained in [11, 13]. We’ll use the following Lemma to prove the Theorem.

Lemma. Given the function f(6,9)eL'(S”), 0<e<1 and N, >1. There
are a measurable set £ S°, a function g(6,¢)e L(S®) and a polynomial by

N
spherical harmonics having the form P(0,9p)= > Y,(0,p), satisfying the
k=N,
following conditions:
. mesE>4r-—¢,



Proc. of the Yerevan State Univ. Phys. and Mathem. Sci., 2009, Ne 1, p. 3—7. 5
2. g0,9)=f(6.9) on E,
1
3. E”f”t(ﬁ) < ”g"L‘(S3) = 4||f"ﬁ(s3) >

4. ||g _p||L2(S3) <&,

2%

k=N,

5. sup

Ny<ms<N

= 4"f||L‘(S3)‘

L'
The proof of this Lemma is similar to the one used in [7] for Lemma 2.
Proof of Theorem. Let

16.0), 1,0.0),..., 1,(0,9).... “4)
be a sequence of polynomials by spherical harmonics Y, (6,9) with rational
coefficients. Repeatedly applying the Lemma we get the sequences of functions
{§n (0,9)}, sets { E, } and polynomials

M,

]_7,,(9,(0)2 Z Y;{(e’(o)i' Mn<Mn+l’ (5)
k=M

satisfying the conditions:
gn(e’¢) :.fn(g’w) On E;1CS3’

= €
|En|>47r—2—n,
1 —
llzisy <18alzes) < Hullz sy ©)
— — —4n
|p,,—g,, LZ(S3)<2 5
m
sup > Y S4||fn ||L'(S3)'
M, sm<M, k=M, '(5%)

We put E= ﬂE:,. Obviously (see condition 1 of Lemma), mesE >4z —¢. Let

n=1
f(x)= f(0,p) e L'(S?). Tt is easy to see that one can choose a subsequence
{ Tk, (x)} from the sequence (4), such that
’
Jim 1]

jﬂfk” (x)\ds<2*8", n>2. (8)
S3

S /i (0 £(x)|ds =0, o

n=1

Assume that the functions g,(x),....,g,_,(x) and the polynomials P,(x) = z Y, (%),

k=m,

m,,, >m,, n=12,.,0-1, satisfying the conditions
g,(x)=f, (x),xeE, n<v-1, ©)

1
E”fk “L‘(S3) < ”

S3

g, (x)| ds <2720 (10)
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2
[[2[Bx) - g (0] ax<27", (11)
§3 li=1
,,,“3,'-‘1’,‘,7” ki Y, (x)|ds <27", (12)
n SISy 63 \k=m,

are already defined.
We take a function f; (x) from the sequence (4) such that

v-l
[ fe ) - {fkv (x)- Zl[e(x) -g (x)]}
$3 i=
Taking into account (8) and (11) , we have
v-1
[, @)= 2[B(x)- g ()]
$3 i=1

From (13) it follows m S, (x)‘ds <27". We put
S3

ds <27, (13)

ds <2272, (14)

g0 =1, W)+ g, - f, 0],

_ i, (15)
R(M=F (9= 3 ()
where m, =M, _,, m,=M, —1.
Taking into account (9), (10)~(13), (15), we get g, (x) = f; (x), xe E,
Il Colds < [[| S 1R - g )| ds + [[l 2, ()] ds +
s s*li=t s (16)

2(v-1)

1 £, @~ 0 -[BE) -g 0] 1ds <527,

B

1/2
- (J‘HF]‘U (x) = gku (x)‘zdSJ <Q72v
S3

S[PG)-g ()]

i=l1

[

It is clear that one can define by induction a sequence of functions {g (x)}

fi —{fku —U_Z_:[E(x)—gi(x)]}

, 2
dsj +
(17)

and polynomials {P, (x)}, satisfying the conditions (16) and (17) for allb>1. From
(16) it follows

igi(x)

i=1

]

S3
We define the function g(x) and its series by spherical harmonics in the

ds < o. (18)

following way

g(x) = igi<x), ilPUu) =i[ > mx)J =3, (x),

v=1\ k=m, n=1
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my,, >m,, Y (x)=0, for nefj[n_%+l,mo+l].

v=l

From (18) we have

have m, <m<m

>

® N

10.
11.
12.
13.

gx) e L(S*), g(x)=f(x) on E,

1
5||f||L1(S3) <||g||L1(s3) < 4"f||L‘(S3)'
Let m be an arbitrary natural number m >m, . Then for some v>v, we

and from (10) and (15) we obtain

v+l °

m v-1
13700 gofas < [[ S R0 - o+
3 k=1 s31i=1
> (e lds+ [[| 3 1% ()] ds|<27%.
k=v g3 §3 |k=m,
Sv| =[S h@lds <3| max [[| 3 7, (lds | +2[f|g, (o) ds <
k=1 |l §3lk=1 v=l\ PSS GS fmy s

<3([|g(x)|ds <12[[| f(x)|ds.
s? s3
The Theorem is thus proved.
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U. U. Uupquub
dnipjE-Lwyjuuh owppbph gniquuhwinnipyub dwuh

Ushumnwiipnid wyugnigyué E htnbjw) phnpbdp: Swijugws npuljut € pyh
hwdwp qouoipnit nitth mesG>4r-¢  swhny wytwhup swihbh G<§°
pwqunipnily, np gwbugwsd f(x)eL(S) dniulghuyh hwdwp Yupkh E quily
g(x) e L(S?) dniuyghw, npp hudpuund k /(x)-h htnn ¢ puwqunipjut Jpu b nph
Snipb-Lwyuuh swppp quiquihnmd b g(x) -htt £'(S*) dbknphuyny b mnknh niuh
Sie00| <<l <1217

L(S%)

htwnlyw) wthwjwuwpnipniup. sup

A.C. Caprcsin.

O cxogumoctu psaos Pypbe-Jlamnaca

B craTbe nokaspiBaetcs cieayromas reopema. [lycts ¢ — mo00oe MooKUTETFHOE YUCIIO.
Torma cyniecTByeT U3MEPUMOE MHOXKECTBO G — S° ¢ Mepoi mesG > 47 —& Takoe, 4To JIs
KaKI0M QYHKIMK f(x) € L'(S’) MOXHO HalTh QyHKIMIO g(x)e L'(S’), COBMATaroIIyIO C
f(x) Ha MHOXKecTBE G , uTo ee pag Dypre—Jlannaca cxoaurcs K g(x) B MeTpuke L'(S°)u
N
SYe.0.0)]  <<3|gl,, <121 /1.
1

MMEET MECTO HEPaBEHCTBO sup
N = 1sh




