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ON DISTRIBUTION’S CONSTANT SLOWLY VARYING COMPONENT
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In the present report it is proved that for a priori given numbers p € (1,+0)
and L e R" =(0,+0) there is a distribution {p,}~ with the following properties:
{p,}; varies regularly as n— 4o with exponent (—p), exhibits the constant

slowly varying component L, and {log p,};" is downward convex.
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1°. Let {p,}7 be aregularly varying as n — +oo distribution with exponent

(-p), 1< p<+oo,ie. for s=2,3,... the limit exists lim (p,,/ p,)=s" (see[l]).
n—»+w

There is a slowly varying sequence {L(n)},", i.e. L(n)>0, n=12,..., and
for s =2,3,... the limit exists lim (L(s-n)/ L(n))=1 such that
n—>+w0

p,=n "L(n), n— +o0 (1)
(we write f, =g,, n—>+oo for {f,} and {g,},if lim(f,/g,) =1).

If for L(n) in (1) the limit lim L(n)=L e R" =(0,+o) exists, then we say

that {p,};” exhibits a constant slowly varying component (CSVC).

In Bioinformatics there is a restriction on distribution of type (1): the graph
of {logp,}\ consists of at most three upward/downward convex pieces (see [2]).

In the present report we establish the following

Theorem. Given the constants pe(l,+) and LeR". There is a
distribution {p, }", which :

a) varies regularly as n — +o00 with exponent (—p);

b) exhibits CSVC L ;

c) generates the sequence {log p,};” with graph consisting of one downward
convex piece.
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The proof is based on special distribution of the type
po=c(pn™”, n=12,..., c(p)=Cn")", ()

n=1

where (—p) presents the exponent of regular variation and c(p) is it’s CSVC.

For distribution of type (2) the sequence {logp,}, satisfies statement

c) of the Theorem. Indeed, we have to wverify the inequality
logp, —logp,. <logp,, —logp,, for index n>1. The Ilatter inequality

is equivalent to (p,/p,)>Py/Ppn) or due to  (2), to

(n+1)/n)” >(n+2)/(n+1))” thatleadsto 1+(1/n)>1+1/(n+1)).
Hence if the equality L=c(p) holds for given p and L, the distribution

{p,}] satisfying the Theorem is constructed.
Thus, there remains the case L # c(p) , where c¢(p) is given by formula (2).

2°. Consider the continuous analogue of the sequence ¢, = Ln™", n=1,2,...
f(O)=Lt"", te[l,+o). 3)
Let us draw the tangent line to the curve y = f(¢) at the entire point n, >1.

Choice of this point will be done later. Since f'(f)=—pLt*™", t €[1,+0), and for
the tangent line y(f)=at+b to the curve y= f(¢f) at point t=n, we have

y(ny) = f(ny), azf'(no), therefore b = Ln,” (1+ p) and

- /4
y(0) =Lno”{—§+(1+p)}- “
0
The finite sum
Sy =L SA-LE 1y =L 2y P s
k=1 k=1 Hy ng~ |2 2ny
is evaluated easily with the help of (4). Then
L0 1 Yol ol B def
DY)+ g = L— -+ LY n =T, . (6)
k=1 n>n, nop 2 2”() n>n, 0
Since p e (1,+©), then for n, large enough we may get the inequality
T, <L. (7)

Let {e,};* be a decreasing sequence of non-negative numbers with ¢, >0,

k=12,..,n,-1, e, =0, for which {loge,}" is downward convex and

ny

2 =1-T,. (®)
k=1
Here T, is given by equality (6). Let us give an example of such a sequence.
Example. Put e, = M[l +LJ , n=12,..,n,, where M is a positive
non,

hy

constant. {e,}," decreases and e, =0. The downward convexity of {log e}’ is
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proved similarly to the case (2). The constant A/ is defined uniquely from the

condition
M nﬂzil ! ! =1-7
— + —_— — no .

For L #c(p) the distribution {p,};", satisfying Theorem, is built as follows:
~ {y(k) +e, for k=12,..,n,,

P =

©)

9 for k> n,.

It is clear that {p,},”, defined by equalities (9), is a distribution, because by

(6)—(8) we have Y. p, =:ZO:(y(k) +e)+ 2. q,=1.
=

k=1 n>n
The distribution {p,};” of type (9) varies regularly as n—+o with

exponent (—p) and exhibits CSVC because p, ~q,=Ln", n—+o. Here we
used (9).

Finally, the sequence {y(k)+e,};°, being generated by the sequence
{log(y(k)+e,)};2, becomes downward convex for n, large enough. Note that n,

is the point, to which the tangent line was drawn.
Indeed, according to (4), for n, large enough the number ¢, where
def

O<c=yk)-yk+1), k=L2,.,n,—1 (y(¢) is linear), may be made arbitrary
small.
That is why we may choose 7, in order to get inequalities
2ce, +e,,, >2ce,,, k=12,..,n,—1. (10)
Let us take n, so large that the inequalities (7) and (10) take place and fix n, . Let
us prove the validity of inequalities
y(k)e ., + y(k+2)e, >2y(k+1De,,,, k=12,...,n,-1, (11)
using (10). Since y(k+1)=y(k)+c, y(k+2)=y(k)+2c, then (11) may be
written in the form
y(k)d,,, +a, —2e.,)+2c(e, —e,)>0, k=12,..,n,—1. (12)
Since the sequence {loge, },* is downward convex, then due to [3] {e, }/° is
downward convex. That is why the first term at the left-hand-side of (12) is
positive. Now (12) follows from the decrease of sequence {e, }/*. Thus (11) is
proved.
The log-downward convexity of sequences {y(k)}{° and {e,}° means that
the there hold the following inequalities
y()y(k+2)> (y(k + 1)), eeer., >efy, k=1,2,...,m,—1.
Summing up these inequalities with (11), we obtain for k=1,2,...,n, -1
Yk +2) + (k) + y(k +2)e, + ey > Yk +D) +2y(k + e,y + 67,y
Last inequalities are easily transformed into
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y(k) + e S Yk+D+e,
yk+D)+e, yk+2)+e,
which prove the statement for these indices.

k=12, 1,

Returning to (9), we become certain that {log p,},” is downward convex,
because for indices n,,n, +1,... the statement is obvious.

Theorem is proved.
Remark. It is easy to see that the constructed distribution {p,} of type (9) is

downward convex (see [3]).
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Q. M. Udugyub

Zwutnwinnttt nubnun thnthnpjudnn pununphsny pugfudwts dwuhb

Ushuwnwiipnid wyyugniguws k, np twpupwybu inpdus p e (L,40) bt L e R* =(0,+00)
pYtnh hwdwp gnmipmitt nitih hbnbjuw] hwnlnpmpibttpng odundws {p,}
pupjunid: Ujt juintwynp t thnthnjuynid (—p) gnighsny, tpp n— 40, nih L
hwunmwwnnt nutnun thnthnjugnn pununphs, b {logp,}7-p nmnmighly £ nhuh
ubkppl:

TI. I1. ABarsin.
O nocTOosSIHHOM MelJIEHHO MEeHSIIOLIeicsl KOMIIOHEHTe pacnpeieseHust

B cooOmennn nokazaHo, 4yTO Ui amnpuoOpH 3aJaHHBIX uucen pe(l,+o) n
L e R =(0,40) CyLIECTBYET pacupeleieHue {p,}; CO CIELYIOIIUMU CBOMCTBAMH: {p,};
MPaBUIBHO MEHSETCA INpU n—>+o C IOKa3areneM (—p), JOMYCKAaeT MHOCTOSIHHYIO
MPaBIJIBHO MEHSIOUTYIOCS] KOMITIOHEHTY L ¥ TIOCIIeI0BaTENLHOCTE {log p,}; BBIMyKIIa BHU3.



