PROCEEDINGS OF THE YEREVAN STATE UNIVERSITY

Physical and Mathematical Sciences 2009, Ne 2, p.3-7

Mathematics

ON FUNCTIONS SEMI-ANALYTICAL IN THE POLYDISK

A.1 PETROSYAN®, N. T. GAPOYAN

Chair of Matemathical Analysis, YSU

In the present paper the class of semi-analytical functions in the polydisk
U" < C" is introduced. This class is an extension of the set of holomorphic func-
tions. For n=1 the concept of semi-analyticity coincides with analyticity. The
Dirichlet problem with values given on the distinguished boundary of the polydisk
always has a solution in the set of real parts of semi-analytical functions. There-
fore, to investigate semi-analytical functions one can apply the potential theory
methods, like one does it for the one-dimensional case. In the present paper the
Schwarz type integral representation for the above-mentioned functions is ob-
tained.
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Introduction. Let function u be pluriharmonic in the domain D — C", i.e. it
satisfies the conditions
o’u N o’u 0 o’u 3 o’u B
oxox; oydy,  Oxdy, Ox0

(i,j=1,...,n,if i=j the equations of second group are trivial). The function u is

(M

called n-harmonic (doubly harmonic in the casen =2), if only for i = j the condi-
tions (1) are satisfied, i.e.
2 2
Tu T8, =t )
ox;” oy,
The conditions (2) imply harmonicity in each variable z; = x; + iy, .

The pluriharmonic functions are connected with holomorphic functions of
several variables the same way as harmonic functions defined on plane domain
with holomorphic functions of one variable. In the case of one variable this connec-
tion enables to apply methods of the potential theory in the complex analysis. In
the multidimensional case the situation is more difficult: the class of pluriharmonic
(unlike harmonic) functions is too narrow in sense that the Dirichlet problem is not
always solvable in this class. This fact makes it difficult to generalize some one-
dimensional results for higher dimension case.
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S. Bergman [1] offered the following idea for n=2: to put into correspon-
dence with any doubly harmonic function u(z,z,) a complex-valued function
f(z,z,)=u(z,,z,) +iv(z,,2,) so that:

1) f(z,,z,) is holomorphic in z, for a fixed z,;

2) v(0,z,)=0.

The obtained class of functions was called the extended class of complex
functions. These functions may be studied with the help of potential theory me-
thods, since the Dirichlet's problem with values given on the distinguished bound-
ary is always solvable in the class of all doubly harmonic functions. However this
class is not an extension of the class of holomorphic functions, as holomorphic
functions do not necessarily satisfy the condition 2.

In [2, 3] a modified version of the Bergman class (class of semi-analytical
functions) is introduced, which has the following advantage: in that special case,
when the real part of semi-analytical function is pluriharmonic, the function itself
is holomorphic. Thus, any holomorphic function is also semi-analytical.

In the present paper the concept of semi-analyticity is defined for functions
of arbitrary number of variables (Definition 1). For such functions we obtain an
integral representation, which is an analogue of the well-known Schwarz integral
representation for one variable case.

Notation. We use the following notations:

u” :{z:(zl,...,zn)e(C": |Zk|<1,k:1,...,n}

is the unit polydisk in 7 -dimensional complex space C",
T" ={ze(C” : |zk|<1,k=1,...,n}

1|

is its distinguished boundary, P(z): |l |
-z

0O(z) is the function harmonically conjugate to P(z),

S(z) = P(z)—i—iQ(z) =

1s one-dimensional Poisson kernel,

1-z

1+z
is the Schwarz kernel.

Definition 1. A function f(z)=f(z,z,,...,z,) defined in U" is called
semi-analytical, if

a) the function Re f(z) is n-harmonic;

b) for fixed z,,;....,z, the functions f(0,...,0,z,z,,....,z,) are holomor-
phic in the disk |z,|<1, k=1,...,n.

Note that in the one-dimensional case (i.e. n=1) the n-harmonicity is simply
harmonicity and the semi-analyticity coincides with analyticity.

Integral representation. The following theorem is an analogue of the
Schwarz formula for semi-analytical functions.

Theorem 1. Let the function f(z) be semi-analytical in the unit polydisk

u", and p,...,p, be arbitrary numbers from (0,1). Then for any

ze{z=(zl,...,zn):

zk| <pp, k=1, ..,n} the following formula
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2 1 2 n *l —i0),
f(z,,...,zn):lv(O,...,O) o T'“Sn[plle 6, ”’p 0] (Pl ey H)dgl...dgn

is true, where
Sn(Zl,...,zn)=HP(Zj)+iZQ(zj) [T P(z) (3)
j=1 = k=j+1
is the n-dimensional analogue of the Schwarz kernel. Note that for n=1 the func-
tion S,(z....,z,) coincides with the usual Schwarz kernel: S, =S .
Proof. For fixed z,, |z, <1, k=2,...,n, the function f(z,z,,...,z,) is

analytical in the disk |z, [<1. By the Schwarz formula (see, for instance, [3]) we
obtain

Z,..z, ) =iv(0,2,,...,z2 +— S b \u(pet,z,,..., deg, . 4
f( 1 n) ( 2 71-'([ [Pl ) (pl 2 n) 4)

Then for a fixed z,, |z, |<1, k=3,...,n, the function f(0,z,,...,z,) is ana-
lytical in the disk |z, |<1. Hence

2
f(O,ZZ,...,Zn)=iv(0,0,Z3,...,Zn)+i .([ S(/Z)_zze_iez]u(o,pzeiez,Zga---,Zn)dez- (5)
Reasoning by analogy, on the j-th step we obtain
S(0,00,0,25000,2, ) =9(0,...,0,2,,0002, )+

127[

Z; g, i0, .
+— | S| —~e u(O,...,O,pje f,zj+1,...,zn)d9j, j=12,...,n.
279\ p;

Since the function u is n-harmonic, hence for the fixed p,e we have

u(plei@,zz, n) (2”),,1.[ (22 ’HZJ P[ieie”ju(pleig',...,pnei‘gﬂ)d&z-wd&n.

™! P
The obtained result and (4) imply

f(zl,...,zn)=iv(0,zz,...,zn)+
+1—J' Q e | p Z_Ze_i'g2 - P Zn e O u(plei‘g‘,...,pneig")d@l---dé’n + (6)
pl P

pz n

1 zZ, z ; . .
+ P _16191]...})(4@'971}” pe?,...,p,e")de,---da,.
(2x)" I (pl P, [+ Ja

Equating the imaginary parts in (5), we get
1% Zy  _if, i0,
v(O,zz,...,zn)—v(O,O,z3,...,Zn)+g.([Q(p—ze )u(O,pze ,23,...,zn)dt92. (7

Using the integral representation of the function f (O, Zz,...,Zn) (which is

holomorphic in z,) and separating again the imaginary parts, we obtain

v(0,0,23,...,zn)=v(0,0,0,z4,..., fQ( 163JU(O,O,p3€iH3:Z4:-~:Zn)d93-
0
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Continuing in a similar way and substituting the obtained formulas consecu-
tively in (7), we get

n 2rm

V(O’ZZ""’ZH):V(O’O’ +_z J- Q(,D lakju(oﬂ'“ao:pkeiekaZk+1a~~aZn)d9k‘
k

7T k=2

®)

Taking into account the 7 - harmonicity of u, we receive
(0 0 pk Zk+1’ Zn):

Zkel -if,, P[ Z, e—ié’,,Ju 0 0 i0, i0,
— - Pl yons 0,007, pe |dO, -+ dO, .
(27f) ‘ I [p/m J P ( ‘ )6

n

Due to the mean value theorem

u(O,.‘.,O,pke"gk,...,pn ) 2 )kl_f ( ,.‘.,plleia1)dgl...dek_l.

From the last two equalities it follows that

i)
u(O,...,O,pke k,zkﬂ,...,zn):

z . z . . .
= P| g | p| 2oy pie .., p €% )d6,---d6),_db,,,--db,.
(27[)”_1 ;!. (pk-” J [p (pl pn ) 1 k-1 k+1 n

! n

Substituting this equality into (8), we obtain

0.2,.....2,)=v(0,0,....0)+ 3 -i0 Zist io ).
v( Z, Zn) V( kzzﬂj.Q(pk }(2 )nl Jil (P}m ]

---P(Z” e‘i‘g"]“(/?lei, e )d6,:do,

Pn

or
v(0,2,,...,2,) =v(0,0,...,0) +

z . z .
z Q( —19,( ) [ k+1 e—lﬂkH j . P( n —15 j pe L .’pnelﬁ,, do. - dgn ]
(27r) = zTJ Pu Pin Py G )t

From here and from (6) we have

f(zl, +2,)=iv(0,0,...,0) +

Zp i, Zks1 -i6), Zn i i
k| P e L Pl LT |y pe 5 ,pe d& d0+
(27z) kf (pk j (pkﬂ } (pn J (o ")
Z —19 2 —if Zn —16’ 0
. Q( 1 IJ [ e z],..P( j pe ,...,pne ")d6,---d6, +
(272') j P Pn ( 1 ) |

1 . . ) )
+ p P(ie’gl )-'-P[z—”e "9”]“(/016“9‘,...,0,1619" )d‘91"'d9n-
(27[) ™ pl pn

Taking into account (3) from the last equality, we obtain the required inte-
gral representation. The Theorem 1 is proved.
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Theorem 2. The imaginary part of an arbitrary semi-analytical function
f =u+iv is a n-harmonic function.

Proof. Separating the imaginary parts of the left-hand and right-hand sides in
the formula of Theorem 1, we obtain

1 zZ Z, _ig _ig —ig
V(2. 02,) =(0,...,0) +—— ImSn[—le 4., ]u pe,...pe " |d6---do,.
(27[) T L Pn ( )
O
According to the definition (3) of the kernel §, , we have
. . n Z ; n .
Ims, (ie—’@ ey g J =30| L | ] P(z—ke‘lak J (10)
P P =1\ Pj k=1 \ Pr

whence it is clear that the left-hand side of this formula is #-harmonic in the poly-
disk {z =(z1..0,2,): |zk| <p,k :1,...,n} . Taking into account that p,...,p, are
arbitrary numbers from (0, 1), we obtain the assertion of the Theorem from (9) and

(10).
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NMnihnhuynid jhuwwbwhnhl dniuljghwtibiph dwuht

Uohiwwnwbpnid  ubpunidynd £ U"<C” dphwnp wynjhghulnmd Yhuw-
wtwhinply $niuyghwkpnh nuu, npp hnndnpd $niughwtph nuuh ptuyuytmd t:
n=1 qphypnud Jhuwwbtwhnhynipjut hwulwugnippiip  hwdpbund Lk
wbwhnhlynipjutt htw: NMnjhghuh hkuph Jpw npdws wpdbpubph hwdwp
Vhnhhukh Jubnhpp Uhow mih smd Ghuwwtughahl $outighwibph hpuluwl
dwubph puqunipjut Uke: Niunh, htsybu b dhwswh nhypnid, Jhuwmwtwihnhly
Iniuljghmiipp  htnwgnunbjhu  Jktip Ywpnn Gup Jhpwnk] wnwnbughwih
nbunipjut dbpnnubpp: Znpduénid wyy dnituyghwibph hwdwp vnwugus b
CJwpgh hunbkgpujuyhtt puttwdbip:

(0] d)yHKLlI/IHX, TIOJIyaHAJIMTUYECKUX B ITOJIMANCKE

B pabote BBOMUTCS Kilacc MOJMyaHAIMTHYSCKUX B Hoiuaucke U’ < C" (yHKIHHA,
SIBIISTFOIIMIACS. PACIIUPEHUEM MHOXECTBA aHAUTHYCCKUX (QYHKIW. B ciydae n=1 moHs-
THE TIOyaHAJIUTUYHOCTH COBIIAQAAET C aHAIUTHYHOCTHIO. [Ipobnema [lupuxie ¢ 3agaHHBI-
MU Ha OCHOBE MOJMJIMCKA 3HAYEHHUSIMU BCET/la UMEET PELIEHUE B KJIACCEe BELIECTBEHHBIX
yacTel noyaHaTUTHYecKuX GyHKImi. [109TOMY, Kak U B OZIHOMEPHOM Cilydae, IpHU UCClie-
JIOBaHUY TIONYaHATUTHICCKUX (DYHKIUH MOXKHO MPUMEHSITh METOJIBI TCOPUU MOTEHIIHAIOB.
st atix pyHKumit B pabote mosrydeHo UHTerpajibpHoe npenacrasienue [1IBapua.



