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INITIAL BOUNDARY VALUE PROBLEM FOR SOME CLASS
OF NON-LINEAR DEGENERATE PSEUDOPARABOLIC EQUATIONS
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The present paper studies existence and uniqueness of solution of initial boun-
dary value problems for the non-linear degenerate pseudoparabolic equations. It is
proved that if operators L and M satisfy certain conditions, the problem has a
unique solution in corresponding functional spaces.
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1% Let £2c R" be a bounded domain in a half-space x, >0 with sufficient

smooth boundary /" =7, U, where I, is a domain in hyperspace x, =0.
The following initial boundary value problem is considered:

%L(u(t,x))+M(u(t,x))=O, (1)
x:(xl,...,xn)e_Q, t>0,

u|t:0 =, (x), 2

u|Fl =0, (3)

where operators L and M are defined as

=0 ou 0 ou
L(u)==3 —| b (x)— |-—| b (x)— |,
(1/[) i;::l axi ( y ()C) axj} axn ( nn (X) axn}

bij(x)zbii(x), i,j=12,...,n—1,
"0
M(u)z—;a—xi(ai(x,Vu)).
Assume that functions b,,(x), i,j=12,...,n-1, b, (x), ai(x,f) are continuous

forany xe 2, V&eR", whereas:
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nn

a)

(x)‘ <x%, 1<a<2,and the quadratic form

n °

L&) = 3 b, (0)EE, +b,, ()E

i,j=1
is positively defined for all x € 2, and for all x € /7 its rank is equal to (n - 1) ;

b zaw§><w{zax);m+mAw@m}

i,j=1

0 Salne)as o Ko, (e 10,013 |

i,j=1
2

Forthecase L=A, M = % and /7, =1 the problem (1)—(3) has been originally

X
investigated by S.L. Sobolev [1], and afterwards similar problems for the case of
linear operators have been investigated in works of R.A. Alexandryan, G.V.
Virabyan, T.I. Zelenyak and many other armenian and foreign mathematicians
[2]. In those works the operator L in equation (1) was considered to be
strict elliptic, and M — linear.

In the case of non-linear operators, when 7/ =/ (no degeneracy), the
problem (1)—(3) was considered in [3—6]. For operators L, which may be
degenerate on the entire boundary, or on a part of it, the problem (1)—(3) was
investigated by G.S. Hakobyan [7].

The present paper considers the case of initial boundary value problems (1)
for elliptic degenerate L and non-linear M operators.

2°. Let K , be a set of functions, which satisfy the following conditions:

2
1) u(x), S—u Ou (i,j<n), x* « O and i[x"’a—uJ are continuous
X,
functions in 2,

ox,0x ; ox Ox ox
2) u(x) vanishes in some neighborhood of 77 .

b

i i n n

In this case the following theorem is true.
Theorem 1 (see [7, 8]). Operator L, defined as a mapping from K, into

space L, (£2), is symmetric and positively defined.
Proof. Let u(x) and v(x)€ K, . Then

(Ll )“f[,n, 11 ai ( x) s;f J+£[b (x)%]]v(x)dxz

3 cos vx cos vx +b, cos? vx 6_u vds +
{[£0,0 (x)eos” v | 2
8u ov ou Ov
b. b ——|dx=
|:ljzl ij aXi —+ nn (X) axn axn } X

=_ann G_Vds+,|.|:zbu( )au 'ﬁ-’-bnn(x)au av:|dx'
X

; = Oxj Ox;
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We are going to prove that | b,, (x)aa—uvds =0. To prove this, it’s enough

Iy n
to show that
ou
lim x* —=w(x,...,x ),
x,—0 n ox ( 1 n)

and the equality w(x) = w(x,...,x,) =0 takes place.

The existence of limit above explicitly follows from the definition of set K, .
Assume there exists an element ;co , for which w(;co )>0. Then, for enough small
x, >0 we get

du(x,,x,) N w(x, )
ox, 2x%

n n

e: X
Hence, the integral IM

0 axn

dx_  diverges, and we get a contradiction to

condition u(x) ek, .

Thus we proved that (L(u),v)z(u,L(v)). Since L(x,&) is positive, the
operator L is also positive. It is not hard to prove that operator L is positively
defined (see [8]).

Let’s denote by the same L the Friedrichs extension of operator L, which

will be self-adjoint.
3°. Let’s define a new scalar product on linear manifold K ; by the formula

[u,v]z(L(u),v), 4
and let’s denote by H, the closure of manifold K, by the new norm (derived from
the scalar product (4)). So, the functions of H, have first generalized derivatives
by S. L. Sobolev and vanish on boundary /7.

It is known (see [8]) that operator L is invertible and it’s inverse operator
maps LZ(Q)—>HL ,hence VueK,, L'MuecH, .
Thus, we can define an operator 4 over the domain K, by the formula
A:u— L' Mu .
Now, consider the auxiliary Cauchy problem
8_u =—Au,
ot (*)
u|t:0 =1u,.
Lemma 1. The operator A: H, : H, is bounded.
Proof. Let ueK,, ve K, . Then, from definitions of operator 4 and new
scalar product (4) we have
<Au,v> = JMu-vdxz —ifiai (x,Vu) vdx =
0

i=1 0 ox,

i
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n

:zg;al (x,Vu a—dX——ZJ (%, Vu)vds .

i=1 i=1 I,

We can show (similary as in Theorem 1) that z J' X Vu) vds =0, hence

11[*0

Auv =n a, xVu —dx
Zl::f[)l axi

From the condition (b) it follows that

= Ou Ov ou Ov
()5, )2 2205, ()22 o)l el o,

therefore ||A“”HZ <c "“”HL

Let X be a reflexive Banach space and X~ is its dual space.

Definition 1. The operator A:D,— X with the everywhere dense
definition domain D, c X is called

1) monotone, if

(Au —Av,u —v> 20 Vu,veD,;
2) strictly monotone, if there exists such ¢, >0, so that
(Au —Av,u —v> >c, ||u —v||2 Yu,veD,;

3) hemicontinuous, if for each u,v,we D, the mapping 4 — <A(u + /1v),v>
is continuous function from R into R.

It’s well known that any strictly monotone operator is coercitive (see [5]),
ie.

Jda >0, <Au,u> > oz”u"2 .
Lemma 2. The operator A is hemicontinuous and strictly monotone.
Proof. Suppose u,ve K, . Then

<Au—Av,u—v> Z.f{ ( xVu))

i=1 Q

| i(x,Vv))}(u—v)dxz

X

8(u—v)

Ox.

l

dx.

Zn:-l)( X, Vu) (x,Vv))

i=1
From the equation

o (5:8)a (0= [ o (e ol =)= [

0

da,(x,n+1(£ 1))
dé

(5] _ﬂ‘/)dt

it follows that

6(u—v) 6(u—v) didy =

(Au— Av,u— v=ZIj.al/(va+t Vu - Vv))
20

i=1 8xj axi
L n — -
=[[Xa,; (x,Vv +t(Vu - Vv)) Ou=v) o(u=v) dxdt >
00i=1 ox OX;

J 1
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§ CIZ[J izilbij (*) a(gx_ 2 a(gx_' 2 +bu (%) a(gx_ ) a(gx_ 2

i J n n

2
dx—cl”u—v”HL .

Therefore, the operator A is strictly monotone. The hemicontinuouty of operator
A is evident.

Definition 2. The function u(t,x)eL,(0,T;H,) is called be generalized
solution to the problem (*), if Vv(t,x) e L,(0,T;H,), if the equality
.Tf f {8_uv+ iai (x,Vu)ﬂ} dxdt=0
onl Ot O ox;
holds and u(0,x)=u,(0). The last condition is treated in weak meaning, i.e
Yw(x)=H,,
lim [ u(2,x)w(x)dx = j o (x)w(x)dx.

t—0 0 )

Theorem 2. Let the conditions (a) — (c) be hold. Then Vu,(x)e H, the

problem (*) has a unique solution.
The proof explicitly follows from Lemmas 1 and 2 (see [9] ).
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Ulqptwfut-tqpuightt jelinhp Jbpuubipynn ny gsuyht wulipnywpupnjuht
hwjwuwpnidubph vh nuuh hwdwp

Uppwnwiipnid ntunidbwuhpynud £ ny gduyghtt ykpwubpynn wubnnuwupw-
pnjuyhtt hwjuwuwpmdubph Uh nuuh hwdwp  uljqpiwjub-tqpuyhtt  aunnph
nsdwtt gnnipyut b Jhwlnipjub hwpgp: Uwywgnigymd E, np Gpk L U M
nhdtpkughw) oywbkpwwnpubpp puwuwpupnud Bu npnowlh wuwydwbph, wyw
huunhpt nith vhwly inisnid hwdwuwywinwupowt $niujghntiv] nupusnipniund:

HauaneHo-KpaeBast 3a1a4a JUIs OJHOTO KJIacCa HEIMHEHHBIX BBIPOKIAFOIIIXCSI
TriceBonapadoIIecKuX ypaBHEHNH

B paboTte paccMmarpuBaeTcst BONPOC O CYIIECTBOBAHUM M €JMHCTBEHHOCTH PEIICHUS
HavalbHO-KPaeBOW 3a/aud Il OJHOTO Kjacca HEIMHEHHBIX ICEBIOMAPA0OTNIECKUX
YPAaBHEHUH C BBIPOXKICHUEM.

Joka3siBaeTcs, 9To eciu auddepeHIuanbHble omeparopsl L u M yooBIETBOPSIOT
HCKOTOPBIM YCJIOBHUAM, TO Ha4daJlbHO-Kpac€Bad 3adada UMECT CAUHCTBCHHOC PCIICHUE B
COOTBETCTBYIOIIEM (PYHKIMOHAIBHOM ITPOCTPAHCTBE.



