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ON AN ANISOTROPIC BOUNDARY PROBLEM OF DIFFRACTION
WITH FIRST AND SECOND TYPE BOUNDARY CONDITIONS
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In the present paper solvability of a class of boundary problems associated
with the anisotropic Helmholtz—Shrodinger equation in the upper and lower
semiplanes of Sobolev spaces is studied. The first and second type boundary
conditions are assumed to hold on the line y=0. Solvability of these boundary
problems reduces to solvability of Riman-Hilbert boundary problem. The solva-
bility analysis is based on the factorization problem of some matrix-function.
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Let wus formulate the following boundary problem. Denote
QF ={(x,y)eR*:y20}. Let H"*(Q%), H "*(Q2%) be Sobolev spaces [1].

Consider the following anisotropic system of the Helmholtz—Shrodinger equations:
Au + (kf + 2ﬂfsech2(ﬂ+y)) u=0 in QF,

2 2 2 . - M
Au +(k_ +2B%sech (ﬂ_y))u =0 in Q°,
with boundary conditions:
agu(x,+0) + byu(x,—0) = hy(x)
_ in R*
a ou(x,+0) A ou(x,=0) _ () m R”,
o y @
co(x,+0) + dgu(x,-0) = p,(x)
ou(x,+0 ou(x,—0 in R™,
G ( )+d1 ( ):pl(x)
y o

where Im(k,)>0, coefficients a,,a,,b,,b,,¢c,,¢c,,d,,d, are complex constants.
Note that h, e H'*(R"), he H"*(R"), p,eH"*(R"), peH "*(R"), and
one should search for the solution of the boundary problem (1), (2) in the space

I*(R*). Problems of this type were first studied by A.J. Sommerfeld for the wave
diffraction on the interface of two media [2-6]. Applying Fourier integral
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transform to the solution u € L*(R*) over the variable x, one derives the following
system of ordinary differential equations under the assumption Im (3¢, (1)) >0:

-
d—?+(%f(l)+2ﬂfsech2(ﬂ+y)) u=0 for y>0,

dy

2" (3)
d u P 2 2 "

17 + (e (A)+ 2B sech™ (B_y))u=0 for y<0.

ly

Then u e I*(R%). Denote 7,(A)=A> —k? =iz, (1) = k> =A% . Thus, the gene-

ral solution of the system of ordinary differential equations in the I*(R*)-space
has the following form:

a(l) i%+ (ﬂ’) - ﬂ+ tanh(ﬂ+y) ei%+(i)y for y> 0
sp=1 =W @)
by P BB ) o g o
i (A)
Let y,(y)=1/2(1£sgny) and
he(Ry) = "T(ﬂy)fu(x Ve, )

u-(A,y)= zW) Tu(x, y)e* dx.

N2 2,

Then from equation (4) it follows that

u(/lay):u‘*'(/lay)—i_u—(lay)' (6)
We introduce the following notations:

0

u_(A)= ﬁ_{o(aou (x,+0) + byu(x,—0) — h, (x))e**dx, .

w_(A)= \/;7 i(al a”(xy’ 0 M (’; =0 _h ()¢,
Similarly

u, ()= ﬁz(cou(x, +0) + dyu(x,~0) — py(x))e™ dx, N

"= I(cl P 1, O (e
It is easy to see that

. Bt i, (A)y

A A)— nh - = + fi 0,

d;t(l, » _ « ){(m+( )= A, tanb(p,y) i, (l)coshz(ﬂd’)} ‘ s ©)
dy , B i (2
—b(/l)|:(l%_ (/I) + ﬂ_ tanh(ﬂ_y)) + m} e for y <0.

Using boundary conditions (2) and taking into account equations (4) and (9),
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one derives
aya(A) +byb(A) =u_(A) +h o(A),

—al W)+ Blla) bW+ PR oo 1O
i, () is_(A) !
where 710(1) =% Oho (x)e*dx, (1) =% fhl (x)e**dx . Hereof we assume
T _» T —»

that the determinant A(A) of system (10) is not zero, i.e.

2 2
%E.(z)wf vah %fi(z)wf _ah v (A)- B v rA=B Lo
() i, () y_(A) 7. (A)

ALY =ah

Since

a(2) =1 {bl SRR (u_(z)+12o(z))—bo(w_<z)+m))},

A i (A
A(4) 21%_( )2 (12)
_ 1 7 (A)+ P, 2 7
b(l)_A(l){al e () (u_(l)+h0(l))+ao(w_(/1)+h1(/1))},
then, taking into account that
u, () = ¢oa(2) +dyb(2) = po(A);
_ 2 2 2 2 N (13)
v = ZADER) ) D2+ B S
l%+(ﬂ) 1%_(},)
where Z;O(z)=ﬁzpo(x)e’“dx, ;l(l)=ﬁzpl(x)emdx, one derives the
following Riman—Hilbert boundary problem with respect to vector-functions
NP CACOI R TR "
R T R R P &

that are analytical functions in the upper and lower semiplanes respectively.
In vector notations this problem takes the following form:
i, (A) = LAyu_(A)+m(4), (15)
where the matrix function L(4) may be written as

L(@:;(A“(z) An(mj ”
A\ 4y (A) - 4 (1)
with
All(ﬂ’) = aldo %3.(1) - ﬂf +b1(30 %E.(l) * ﬂ_z = a1do }/3 (l) _ ﬂf + blco }/E (l) — ﬁ—z P
i, (A) ir_(L) 7. (A) v (1)

A (A) = aydy —bycy,

>

%2.(1) +B; ) %_2.(1) +p —(ad, ~be) yi(A)-B: ) y2(W)-pB
is, () iz (1) ¥ (1) y-(4)

A22 (ﬂ’) = bocl %3.(1) . ﬂf + aodl %E.(l) - ﬂ_z = boC1 }/3 (l) — ﬂf + a0d1 }/E (l) — ﬂ_2 .
b, (ﬂ’) 1 (ﬂ,) 7. (l) a (l)

Ay (M) =(ad, —bc,)
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The coordinates of the vector-function m(4) = {ml ((i))} have the following form:
m,
@) | AW WP ady by s s
m (1) AL {aldo (1) +bc i (A) }"‘ A hi(A)—py(4),
()= M) {bocl DL, g DB }+
A(R) iz, () ix_(L)
. alil LRI LY e COLY Sty
(4) i () ix_(4)

The case of B_= B, =0 was studied in the papers [2, 6]. So there holds the following

Theorem. If the function u e L’(R*) is the solution of the boundary
problem (1), (2), then the pair of vector-functions i, (1) and u_(A) is the solution
of the Riman—Hilbert boundary problem (15). And vice-versa, if one applies the
inverse Fourier transform to the function LAt(A, ¥) =LA4+(A, y)+z;_(l, y), which is
associated with vector functions #, (1) and #_(A) by relations (7), (8), one obtains
the solution of the boundary problem (1), (2).

Theory of the Riman—Hilbert problem solvability is presented in monographs
[7-10]. The essence of this problem’s solution is related to factorization of matrix-
function L(A), i.e. to its representation as L(1) =L, (1)A(A1)L_(A), where the mat-
rix-functions L, (1), L;l (A) are analytic in the upper semiplane, and L (1), L_'(A)
are analytic in the lower semiplane. The diagonal matrix-function can be presented as

—_i\%
e
+
A= : (17)
0 [ A- ij"z
A+i
where o, and a, are partial indices of the given diagonal matrix-function, which
allow to write down the Fredholm characteristics of the initial boundary problem.
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U. U. Zniuljh Uwpblnjubgh, U.2. Ludwpjub, U.b. Yupuwbywub

Unwght b kppnpy uknh kqpuht wuydwibkpnyd nhpulyghuygh
uh wihqmnpny kqpuyht juinph dwuhb

Usjwwnwipmu niumdtwuppymd b ZEjdhn)jg-Cplinhugkph wthqnupny
hwjuwuwpdwb tqpuyhtt juunph (ndkjhnipiniup Unpnjih viwpwsnipnitttpnid
yJtpht b ukppht jhuwhwppnipnitubpnid: Bqpuyht fuunph 1nwskhntpjut hupgp
hwugkgynid t thudwb—Zhjpbpinh hwdwwwnwupiwb jinph (niskhnipjuiin:

C. A. Yceiinu MarekoJaasu, A. I'. Kamansau, M. U. Kapaxansu

OO0 oxHO¥i AaHU30TPONHON rPAHUYHON 3a1a4e IMPPAKIUU C TPAHHYHBIMHU yCI0BUSIMH
NEepPBOro U BTOPOro poaa

B pabote uzyuaercs pa3pelIMMOCTh AHWU3OTPOITHOM 3aJayll ypaBHEHHS
I'enpmronua—Illpenunrepa B mpoctpanctBax CoOoneBa B BepxXHEW M HIDKHEH
MOJYITIOCKOCTAX. Pa3permmMocTs 3TOH TpaHUYHON 3aJadd CBOTUTCS K pa3perIn-
MOCTH COOTBETCTBYIOIIEH 3anaun Pumana—[ mnsoepra.



