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Mathematics
NON-UNITARIZABLE GROUPS

H. R. ROSTAMI"

Chair of Algebra and Geometry, YSU

A group G is called unitarizable, if every uniformly bounded representation
7:G— B(H) of G on a Hilbert space H is unitarizable. N. Monod and N.
Ozawa in [6] prove that free Burnside groups B(m,n) are non unitarizable for
arbitrary composite odd number n =npn,, where n, > 665 . We prove that for the
same n the groups B(4,n) have continuum many non-isomorphic factor-groups,
each one of which is non-unitarizable and uniformly non-amenable.
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Let G be a group, H be a Hilbert space. A representation 7:G — B(H) is
called unitarizable, if there exists an invertible operator 7' such that the operator
U, = Tn(g)T™" is a unitary operator for any element geG. The group G is
called unitarizable, if every uniformly bounded representation 7:G — B(H) is
unitarizable.

J. Dixmier in [1] and M.M. Day in [2] proved that every amenable group is
unitarizable. The question of whether the converse holds has been open since then.
The first example of non-unitarizable group is constructed in [3], where it is shown
the non-unitarizability of the group SL,(R). It is known, that if all the countable
subgroups of a given group G are unitarizable, then the group G is unitarizable
itself, and if a group is unitarizable, then all its subgroups and factor groups are
unitarizable (see for example [4]). Therefore, from existence of non-unitarizable
group it follows that the absolutely free group F, of countable rank is non-
unitarizable, and therefore any group that contains a subgroup isomorphic to the
free group F, of rank 2 is non-unitarizable.

N. Monod and N. Ozawa in joint paper [5] studying the question: “does it
follow from unitarizability of group its amenability” (see [1]), obtained an inte-
resting criterion, according to which the non-amenability of a given group G is
equivalent to non-unitarizability of group 4 wr G for all infinite Abelian groups
A, where A wr G is wreath product of groups 4 and G.
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The first example of non-amenable group that satisfy a non-trivial identity
relation was indicated by S.I. Adian. The well-known theorem of Adian (see [6],
Theorem 5) asserts that the free Burnside group

B(m,n)={a,,a,,..a, | A" =1for all words A= A(a;"",...,a_.)),
is non-amenable for any odd number n>665 and m >1. The group B(m,n) does

not contain absolutely free groups, since it satisfies the identity x" =1.

Bearing on the mentioned criterion and on Adian’s Theorem about non-
amenability of groups B(m,n), N. Monod and N. Ozawa proved (see [5],
Theorem 2) that the free Burnside groups B(m,n) are non-unitarizable for all
composite odd numbers n = n,n, , where n, > 665 and m > 2.

V.Atabekyan in paper [7] has strengthened this result. He proved, that for
any composite odd number n=mnn,, where n >665 and m>1, any non-cyclic
subgroup of free Burnside group B(m,n) is non-unitarizable.

This result of paper [7] indicates the new examples of non-unitarizable
periodic groups different from Burnside groups. Actually, comparing it with result
by A.Yu. Olshanskii [8] (for odd »>10"") and the result by V. Atabekyan [9]
(for odd n>1003), we obtain that any proper normal subgroup of group B(m,n) is
not isomorphic to any free Burnside group and at the same time is non-unitarizable
group.

According to [4] (see corollary 0.11), if all the countable subgroups of a
given group G are unitarizable, then the group G 1is unitarizable itself. The
infinite cyclic group is amenable and, therefore, is unitarizable (see [1, 2]). Hence,
any absolutely free group of rank >2 appearing as non-unitarizable contains
countable unitarizable subgroup.

Another result of the paper [7], states that for every composite odd number
n=nn,, where n, >665 and m>1, any infinite subgroup of group B(m,n) is
non-unitarizable, and any finite subgroup is unitarizable. Thus, for subgroups of
free Burnside groups the unitarizability is equivalent to amenability.

In the current work we prove that there exist finitely generated non-
unitarizable periodic groups of restricted period, that are different from free
Burnside groups and their non-cyclic subgroups. According to the result of
Dixmier—Day, non-unitarizable groups are non-amenable. Constructed below non-
unitarizable groups are not only non-amenable, but also uniformly non-amenable.
We prove the following

Theorem. Suppose n=mnn, is arbitrary composite odd number, where

n, 2665. There are continuum many non-isomorphic 4-generated groups that

satisfy the identity x" =1, each one of which is non-unitarizable and at the same
time uniformly non-amenable.

Proof. The well-known theorem by S.I. Adian (see [10]) states, that for
m>1 and odd n>665 the group B(m,n) is infinite. As it is shown in the work
[11], for arbitrary odd »>1003 there are continuum many simple 2-generated non-
isomorphic groups {I";},_, of the given period n>1003. Let n=nn, be arbitrary
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composite odd number, where n, >665. Then n>1003. Let’s form a direct
product G, =B(2,n)xI’; of the group B(2,n) with each group I, e{l}
Consider any two groups G, =B(2,n)xI, and G,=B(2,n)xI,, where

iel*

I',,I", e{l';},., are non-isomorphic 2-generated groups of period 7, and show that
groups G, and G, are non-isomorphic.

Proving by contradiction suppose, that ¢:G, - G, is some isomorphism.
It is obvious, that groups B(2,n) and I, are contained in G, as subgroups
(i=1,2). Consider the image ¢(B(2,n)) of subgroup B(2,n) via isomorphism ¢ .
Since the image of normal subgroup via isomorphism is a normal subgroup,
then ¢(B(2,n)) is normal subgroup in G,. Let us show, that the intersection of
subgroup ¢@(B(2,n)) with normal subgroup I, of the group G, is trivial.
Actually, since the subgroup I°, is simple group, then any normal subgroup
containing a non-trivial element of subgroup I”,, contains all the elements of that
group. Therefore, if ¢(B(2,n)NI",#, then ¢(B(2,n))>1T,. It is obvious that
#(B(2,n))= B(2,n). By Theorem 1 of paper [9], normal subgroup I, of group
#(B(2,n)) is not free periodic. On the other hand by Theorem 1 of paper [12],
subgroup I, contains free periodic subgroup /A of rank 2. But this is impossible
since only the non-cyclic subgroup H of the group I, is the group I7,. Thus,
PpBRn)NT,=D.

It is clear that the following isomorphisms are true:
I =G,/ B(2,n)=¢(G))/ ¢(B(2,n)) . Since ¢(G,)/ ¢(B(2,n))=G,/¢(B(2,n)) and
#(B2,n)NI,=C, then the group [, can be embedded into the group
G,/ ¢(B(2,n))=17,. But this is again contradiction since the groups /7, and
I", are non-isomorphic infinite groups and any proper subgroup of the group
I', is finite.

The contradiction proves that groups G; and G, are non-isomorphic. Since
our constructed groups G, =B(2,n)xI"; (i €l) contain non-unitarizable subgroup
B(2,n), then they are non-unitarizable either.

In order to finish the proof of Theorem let’s prove that each group G, (iel)
is uniformly non-amenable. It is known, that if a group has a uniformly non-
amenable homomorphic image, then the group is uniformly non-amenable itself
(see [13], Theorem 4.1). The factor-group of group G, by the normal closure of
subgroup I, is isomorphic to group B(2,n). According to the corollary 1 of the
paper [14], the group B(2,n) is uniformly non-amenable. Thus, groups G, (i€/)
are uniformly non-amenable either, since they have a uniformly non-amenable
factor-group.

Corollary. For arbitrary composite odd number n=nn,, where n, =665,

the group B(4,n) has continuum non-isomorphic factor-groups, each one of which
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is non-unitarizable and uniformly non-amenable.

It is sufficient to notice that in each group G,, constructed during the proof

of Theorem 1, the identity x" =1 holds.
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2. (k. Onunudp
Ns niuthwnwpwugynn fudpkp

umudpp  Unsymd £ nithnwpugynn, btpk wyn judph  jnipupwiynip
hujuuwpuwsuh vwhdwbuwhwly 7:G— B(H) ubpjuyugnud hhjpbpuyut

mwpwémpiniinud nibhnwpugynn kL. Ununph b L. Oqujuh Ynnihg
wyugnigyl] k np wquu phobuaggub B(m,n) fodpkpp Yk punungpyuy
n=mnn, pyiph ntypmu nibhnwpugynn sk, npunby 7 =665 : Upuwnwpnid
gnyg k wipynud, np unyh 7 pYtph ghypnd B(4,7) unudpp nith Yntnhtinimd ny

hqnunpd pujunnp fudpbp, npniighg jmpupwigympp hyytu ny niihunwpwugynn t,
wytiybu b hwjwuwpuswth ns wdbkwpky:

A. P. Poctammn.
Heynurapusyembie Ipynmbl

I'pynma G Ha3piBaeTcs YHUTapU3yeMOW, €ClIM BCE €€ PaBHOMEPHO
orpaHHYeHHBIE ipeAcTaBieHus 7 :G — B(H) Hax ruiap0epTOBBIM MIPOCTPAHCTBOM

H ynurapuzyemsr. H. Monon u H. O3aBa mokazanu, 4To cBOOOIHBIE OepHcaii-
JOBBI TPYyIIbl B(m,n) NpU HEYETHBIX COCTaBHBIX 1 =mn,, TOe n =665, He-
YHUTapu3yembl. B pabote moka3aHo, 4To AJIS TeX K€ 3Ha4eHUud n rpynnsl B(4,n)

HUMEIOT KOHTHHYYM HEM30MOPQHBIX (PaKTOp-TPYII, KaKAas U3 KOTOPBIX Kak He-
YHUTapHU3yeMa, Tak 1 paBHOMEPHO HeaMeHalenbHa.



