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In the present paper some systems of operators generated by Riemann–
Liouville integral and derivative of orders (0,1)α ∈ , and functions generated by 
Mittag–Leffler type functions are introduced.  

Some properties of these systems are investigated and for a certain class of 
functions the generalizations of Taylor–Maclourin type formulae are obtained. 
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0ρ > , is the ρ  order entire function of Mittag–Leffler type for any value of 
parameter μ  ([2], chap. VI, § 1). 
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It is also known [1] that the functions ( ) ( )n xρε , 
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Particularly, in [1] the following Taylor–Maclourins type formula was found 
for some classes of functions: 
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In the present work similar problems are investigated in the complex domain. 
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where the integration is made along the intercept connecting points 0 and z, 
, is called the Riemann–Liouville integral of order 1arg( ) ( 1)argz αξ α−− = − z α  of 
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/ ( ) / ( ){ ( { ( )}.

n
j ja L a L zρ ρ ρ ρε λ ε+ ∑

       3.25) 

/ / / ( )

0
( ) { ( )} { ( )}j j j

n k j j
k

L P z a L z a L xρ ρ ρ ρ

=
= + +∑ ( )

1 1k j k j= + = +

But sinc (0;1) 1= , then from (3.25) aEρ

/ /lim ( ) (0)j jL P z L Pρ ρ

| | 0 n n≡ = ≤ ≤ − . 

Then the operator /nL ρ  is applied to the function : 

        1/ )ρ .    (3.26) 

 we obtain n  Lemma 3.6 is prove

 

( )nP z

  / / ( ) / ( )

0
( ) { ( )} { ( )} ( ;1

n
n n n

n k k n n n n
k

L P z a L z a L z a E zρ ρ ρ ρ ρ
ρε ε λ

=
= = = −∑

From here d.  / /

| | 0
lim ( ) (0).n n

n nz
a L P z L Pρ ρ

→
= ≡

( )
1[0; ( )], 0 , 1nC l lρ ϕ ρ+ < < +∞ ≥Now denote by , the set of functions 

( )H( )f z ρ∈ ing the fol
1) the functions 

, satisfy lowing conditions:  
/ /( ) ( ), 0,1,...,k kD f z D D f z k nρ α ρ−= = , are continuous 

on 0;[ )( )l ϕ ; 
( 1) / ( )nD f zρ+  is continuous on (0; ( ))l ϕ2) the function  and belongs to 

(0; ( ))L l ϕ . 
o see that according to (3.1), (3.2) this functions 

, are continuous on
It is easy t

/ /( ) ( ),k kL f z D L f zρ α ρ−=  0,1,...,k n=  [ )0; ( )l ϕ  and function 
nL +( 1) / ( )f zρ  is continuous on [ )0; ( )l ϕ  and belongs to l(0; ( ))L ϕ . 

 [ ]( )
1( ) 0; ( )nf z C lρ ϕ+∈T h e o r e m  3 . 1 .  If , then for any 1n ρ> −  

                     / ( )

0
( ) (0) ( ) ( ; ), (0; ( ))

n
k

k n
k

f z L f z R z f z lρ ρ
ρε ϕ

=
= + ∈Δ ∩∑ ,           (3.27) 
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where  

( ; )
z

R z f =   ( ) { ( )} , , , 0n i i
n z t L f t dt z re t e r lρ ρ ϕ ϕε τ τ+− = = < < < < +∞∫ . (3.28) 

Proof.  Let  

                    ( ).n kz f z                             (3.29) 

                            

( ) ( 1) /

0
n

                           / ((0)
n

k

k
P L fρ ρε

=
= ∑ )

0
( ; )

We put  
( ) ( ; ) ( ; )n nf z P z f R z f− ≡                      .                       

It is easy to see that according to Lemma 3.6  

        (3.30) 

( ) ( )=/ /0; 0 ,k k
nL P f L fρ ρ  

n , and consequently 0,1,k = 2,..., [ ]/
0

( ; ) 0, 0,1,...,k
n z

L R z f kρ
=
= = n . Further, 

cording to (3.15) ( 1) / ( )
0

[ ( )] 0, 0,1,2,..., ,n
k z

L z k n zρ ρ
ρε+

=
= = ∈since ac Δ

( ).n n
nL L f zρ+ +  Now consider the problem: 

, then 
( 1) / ( 1) /[ ( ; )]R z fρ ≡

( )( ,nL                            (3.31)                                            1) / ( 1) /; ( )n
nR z f L f zρ ρ+ +⎡ ⎤ ≡⎣ ⎦

                         ( )/
0

; 0, 0,1,...,k
n z

L R z f kρ
=

⎡ ⎤ = =⎣ ⎦                n .                       (3.32) 

 this problem (3.31)–(3.

n

According to Lemma 3.4 32) has a unique solution 
( ) ( 1) /

z
n

n
0

( ; ) ( ) ( )R z f ∫ om formulae (3.28)–(3.30) 

(0) ( ) ( ) ( )
z

n
n n

k

z t L f t dtρ ρε += − . It follows fr that  

/( )
n

k ( ) ( ) ( 1) /

0 0
f z L fρ= ∑ z z t L f t dtρ ρ ρε ε +

=
+ −∫ . 

Theorem 3.1 is proved. 

Received 18.03.2010 
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