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CLASSES OF TAYLOR-MACLOURIN TYPE FORMULAE
IN COMPLEX DOMAIN
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In the present paper some systems of operators generated by Riemann—
Liouville integral and derivative of orders « €(0,1), and functions generated by
Mittag—Leffler type functions are introduced.

Some properties of these systems are investigated and for a certain class of
functions the generalizations of Taylor—Maclourin type formulae are obtained.
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§ 1. Introduction. In [1] the authors defined a system of functions

D exfpgp—l
e (x)=-L— I ———d&, n20, xe(0,+),
27y zip) [1E+2)
j=0

as well as a systems of operators associated with the Riemann—Liouville
n—1
integrodifferential operators D’ : L”*(f)= f(x), L"” f(x)=[](D"” + ) f(x),
Jj=0 ’
Z”/pf(x)EDf"’L”/pf(x), nx1, where p21, l-a=1/p, 4,
j=0,1,..., (& ) is a contour in plane & ([2], p. 126).

The functions g,&" )(x) admit representations of the form (see, [1])

Ly

E,Ep)(x) — z CEH)EI(OSJ—I)(_//ijl/p;1/p)xp 020,
Jj=0

>, >0,

where §,(S; 21) is the multiplicity, with which the number 4, appears on the
interval {4}/ of our sequence. Coefficients {C\"}s are determined from an
-1
" n I(S,)CV" = k
expansion R, (&)= {H(g + ,1/_)} = Z¥ , and E (z4)= zz—’
j=0 ' im0 (&+4))S; kor[’tij
0
p>0, is the p order entire function of Mittag—Leffler type for any value of

parameter & ([2], chap. VI, § 1).
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It is also known [1] that the functions gﬁp )(x), n>0, admit representation

of the form
t

el (x) =0 (x) = J e, (x—1;4)dt, j e, (t, 1,3 2,)dt,.. J e,(t, —t,; A, e, (t,:4,)dt,,

Ll

where ep(x;ﬂ,)EEp(—/Ix”p;l/p)xp , p=1, xe(0,+x).

Particularly, in [1] the following Taylor—Maclourins type formula was found

for some classes of functions:
n+1

f(x)= 2 L £(0)el” (x) + j eP(x—t)L*” f(t)dt, xe(0,]).

In the present work similar problems are investigated in the complex domain.
§ 2. Preiminaries Information. Let f(x) e L(0,/) (0</<+x), a € (0,+x).

The function D™ f (x)—T _[ (x—1)*" f(t)dt is called the Riemann—Liouville
0

integral of order « of function f(x), and for ae(O,l] the function
D% f(x)= D (=) £(x) is called the Riemann—Liouville derivative of order «

of functlon f (x). It is known that JEEOD_“ f(x)=f(x) (almost everywhere)
in all Lebeg points xe(0,/) of the function f(x) and, therefore,
[D7 f(X)],0 = f(x) and D' f(x)= f'(x).

Let a€[0,1), %:l—a, p>1, xe(0,]). The operators D°f(x)= f(x),

1o

D7 f(x)= D “f(x), D"?f(x)=D”D ” f(x), n>2, are called Riemann—

Liouville operators of successive differentiation of order n/ p of function f(x) [2, 3].
Introduce some notations. We denote A = {z;| Argz |< 2i, 0<zl< +oo} .
P

This domain for 0< p<1/2 being evident by a manifold and arranged on the
Riemann surface G, of function Lnz.

H(p) 1is the class of analytic in domain A, functions f(z). Let:
0,l(p))={z;argz=0,0<|z|< 0}, —T<p<rm. Let a€[0,]), l=1—0{ , p=1
P

and f(z) be an arbitrary function of a complex variable | £ (re')|e L(0,I(p)),
lplI7, 0<r<ow.
The function

D f(z)= =" f(&d¢ 2.1)

I'(a )I(
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where the integration is made along the intercept connecting points 0 and z,
arg(z — &) =(a—1)argz, is called the Riemann-Liouville integral of order & of
function f(z), and the function

D7 £(2) E%D“f(Z) (2.2)

is called the Riemann—Liouville derivative of order 1/ p of function f(z).
The operators

D fE)= 1@, D fE=D )
/4
1on
D7 f(z)=D"D* f(z), n>2,
are called Riemann—Liouville operators of successive differentiation of order n/ p
of function f(z).

2.3)

The Mittag—Leffler type function E (z;u)= Z—_l
=0 I'(p+np™)

entire function of order p with arbitrary value of parameter x ([2], chap. VI, § 1).
For any x>0, a >0 the following formula holds ([2], ch. III, formula

(1.16)):

, p>0, is an

;Z _ gpya-l 1/p. -1 _ utatl 1p.
F(a)i(z &) E,(AST et dE=2"""TE (A2 s u+ ), 2.4)

z=re?, E=1e’, 0<r<r<l<+o, —x<@<.

Lemma 2.1. Let p2>1, 4, A be arbitrary complex parameters. The
formula holds
Je, (- e, (G Aag = B ED
0 A-2
L
where e, (z;1)=E p(—ﬂ,z” ?:1/p)z? , but the integration is along the segment

=re”, 0<r<l<+m,|p|l<m, (2.5)

connecting 0 and z points.
Note that for z=xe(0,+0) this Lemma was first established in more

general form in [4] (see also [2], ch. III, (1.21)).

§ 3. Main Results. Let {4;}; be an arbitrary increasing sequence of positive
numbers. Consider the sequence of operators on proper class of functions f(z) for
any p=>1:

n—1
L7 f(2)=f(2), L' f()=[1(D""+2)[(2),
j=0 3.1)
n>1l, z=re¥, 0<r<l<+o, |p|<r,

L' f(z2)=D“L"? f(z), a €[0;1), 1-a = l, n>0. (3.2)
Y2
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Then consider the following systems of functions {g,(f ) (z)};0 , {.pr ) (z)};O :
e’ (2)=e,(z:4), (D=2 40, 4,0 4,) = 2. CVe (3 4,), z€A,, (3.3)
k=0

Ly

-1
where C;" ={ 1 ¢ —m} s e, (5 4) = E,(~22"751/ p)z*
J=0, j#k
Q@) =e,(zh), QP (=2 (54,4, 4,) =
z 4 Ly (34)
= [e,(z—t;; )t [e, (1, —ty; A)dty... | e, (t, = 1,2, )e,(t,:4,)dL,, n>1,
0 0 0

where z=re?, t, =1€?,.,t, =7,€%, 0<r, <1, | <..<7, <r<I<+w,

Note that for z =x e (0,+0) operators (3.1), (3.2) and systems of functions

(3.3), (3.4) were first introduced in [1]. More general systems of operators and
functions were introduced in [5], and for p € (0,1) similar operators and functions
were introduced in [6].

Lemma 3.1. Let p>1, 0<a<1. For any n>1 the following formula
holds:

;{S“”u;zo,ﬂq,...,A,,,l,m—s“”(z;ﬂma---ainfl=ﬂn+1>} =
Ayer = Ao 3.5)
=g(p)(z;ﬂ.o,ﬂl,...,ﬂ,,l,ﬂnﬂ), 0<ﬂ«j</lj+]a j:()ala"'an-i-la ZEAp‘

Lemma 3.2. The systems of functions {5,5”)(2)}: and {.pr)(z)}:
associated with the given sequence {1 ;o are identical, i.e.
e(2)=0"(2), n20, zeA,. (3.6)
Proof. Note that according to (3.3), (3.4) we have for n=0

Ly

& (2)= Q" (D) =e,(5:4) = E,(-4z" 751/ p)z” . (3.7)
Let n=1. Then
1
§7(2)= Y CVe, (5 4) =——le (i A) - (z2)) (8
k=0 /11 _/10
and
2P (2)= jep(z —t;A))e, (L A4)dl, z= re, t=re". (3.9)
0
Using formula (2.9) we have
Q(M(z):lli%{ep(z;ﬂn)—ep(z;/'ll)}, (3.10)

ie. £ (2)= 02" (2).

Now availing of the methods of inductive reasoning, i.e. assuming that (3.6)
holds for n>2, we show that it is valid for n+1. According to (3.4), using
formula (2.9) and Lemma 3.1 we have



Proc. of the Yerevan State Univ. Phys. and Mathem. Sci., 2011, Ne 2, p. 3—10. 7

()= jep(z—tl;ﬂo)dtljep(tl —t,34,)dt,...
0

b e, (t,:4)—e,(t,:4,.)
et —t;A dt, =
.([ p(n—l n n l){ /f{/ _/1 n

TR [Ie (z- tio)dflfe (6 =13 4)dl,.. fe (1 =15 4,0)e, (1,3 4,)dt, —

n+l

—Ie (z- tlaﬂo)dﬁje (4, —ty34))dl,.. _[e (1, nl)ep(tn;ﬂ'lfwl)dtn):

1

S My (A CT I S S BV CONV Y )

n+l ~ “n

= (220, Atseees Ay s D).

Lemma 3.2 is proved.

Lemma 3.3. Let p>1, f(z)e H(p), f(re?)e L(0;/(p)), zeA,. Then

for any n>1 the formula holds
t

z 4 -1
jep(z—tl;lo)dtl _[ep(tl —tz;ﬂﬂ)dtz...j e, (t, 1,34, )dt, x
0 0 (3.11)

t”
Xjep(tr1 n+1’ n)f(tiHl)dtiHl J.g(/?) (Z_T)f(T)dT,
0

— ppl® — —
where z=re”, t=1e%,..,t, =1,,%, 0<7,,<7,<.<7,<r<[<+0.

> “n+l
Lemma 3.3 is proved in the same way as the proof of Lemma 4.1 for
z=x€(0,4+00) [1].

Lemma 3.4.Let p>1, f(z)e H(p), f(re”)e L(0,/(p)) . Then the function
y(z:42,30) = j ezt f(t)dt, z=re”, t=1e", (3.12)

is the solution of the following Cauchy type problem:

n+1
L? y(z)=f(2), (3.13)
I2y(2)|.y=0, k=0,1,...n. (3.14)
The proof of Lemma 3.4 is not given here, because similar problems for
z=x¢€(0,40) have been discussed in [1] (see Lemma 3.2).

Lemma 3.5.
1°. Forany n>0 the following relations hold:

DL P[P ()]} = L[ (2)]=0, k2n+1, p21,zeA,, (3.15)
DL [P (D} =E,(-4,2"'731), zeA,. (3.16)

2°. Forany n>1
lim D UL (D]} =0, 0<k<n-1, zeA, (3.17)

|z[—
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Proof.
1°. Let k =n+1, then according to (3.1), (3.5) we have

n+l n+l

L7 [eP(2)]=L" (Z CMe, (Z;/Ik)] =S COTID" +4))e, (z:4) . (3.18)
=0

k=0 Jj=0
But since (D"” + Ae,(z;4)=0 (see [7]), then from (3.18) we get
n+l

L7 [P ()] = 3 COTI, - A)e, (z:4) (3.19)
k=0 =0

Since [[(4,-4)=0 for k=0,l,.,n, it follows from (3.19) that
=0
L—i—l
L” [ (2)]=0. It is easy to see under the assumption of k >n+2 that
k-1 n
&0 = AHI(D”p + ;tj)HO (D7 +2)[ £0(2) ]=
Jj=n+ Jj=

n+l

- ] 0"+ AL [eP(2)]=0.

Jj=n+l

Now note that *'* [gip)(z)} =D “LF” [g,(lp)(z)] =0, k>n+1. Further we have

n—1

n n—1 n
e (2))= 1§OC£">[£(DI/” +4;)e,(z:4) =1§c,i”>[£(ﬂ,~ ~A)e,(z:4) =
-7 . - (3.20)
—_ ) .
=C! Ho(gi—/zn)ep(z,/zn),
i

-1
n—1 n—1 n—1
; (n) — = 1
but since C, H)(/lj —-A,)= {H)(/lj —Zn)} H)(/lj - 1,)=1, then from (3.20) it
J= J= J=

follows that

L

L6 (2)|=e,(z:4,) = E,(-4,2"751/ p)z* . (3.21)
Using formula (2.4) we obtain from (3.21)
DL eP)(2) |2 L[ £ (2) | = B (-4,2"7:D).
2° Letnow n>1, 0<k <n—1. Then we have:

k-1
D {Lk/p [grgp)(z)}} _ D [Zcz'(")H(D”p +,1j)ep(z;/1i)] =

i=0 7=0

_p [Z COTI(, - A, (z;,@.)j =3I, - 2D e (A = (3.22)

i=k j=0 i=k j=0

n k-1
= ;C}”)H(lj —A)E,(=2.2"731).

j=0
Note that £, (=42"7;1)|.,,=0, and
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n n

k-1 s B
c;wnuj_z,-){ I1 (zj—ﬂ,»)} H(%—%)={ I1 MJ-—%)} ’
j=0 /=0

J=0.j#i Joko g

it follows from (3.22)

-1
limD“{Lk/p[gﬁp)(z)]}zi{ H (ﬂj—/li)} =0, (see[l], (3.31)).

|z1—>0 ik | jok, j#i
Lemma 3.5 is proved.
Lemma 3.6. For any n>0 in a sum of the form

P(2)=Y a6 (), zeA,, (3.23)
=0

the coefficients {q,}, may be determined from formulae
a;=L'""P,0), j=01,..n. (3.24)

Proof. Let 0< j<n—1. Applying the operator /'# to function P (z) and
using (3.15)—(3.17), we obtain
~. Wil S ~.
DR (=)= a7 (e ()} + ;07 () ()} +
) k=0 ) 3.25)
+ Y a /e’ () =a,E,(-1,2"" )+ Y a /' (el (2)}.

k=j+1 k=j+1

But since E£,(0;1)=1, then from (3.25) and (3.17) we obtain
lim I/’ P,(z)=/'*P,(0)=a,, 0<j<n-1.

|z|>0
Then the operator L"'# is applied to the function P(2):
L'"’P(2) =Y a, " {e (D)} = a, L {e ()} = a,E (-2,2"7;1).  (3.26)
k=0

From here we obtain a, = |llim I['"*P (z)=I"*P (0). Lemma 3.6 is proved.
z|—>0

Now denote by C,(,fl)[O;l (@)],0<l<+o, p>1, the set of functions
f(z)e H(p), satisfying the following conditions:

1) the functions DY’ f(z)=D*D"*? f(z), k=0,l,..,n, are continuous
on [0;/(p));

2) the function D"V?f(z) is continuous on (0;/(¢)) and belongs to
L(0;/(9)) .

It is easy to see that according to (3.1), (3.2) this functions
' f(z)=D“L""” f(z), k=0,1,...,n, are continuous on [0;/(¢)) and function
L"V'P £(2) is continuous on [O;l((o)) and belongs to L(0;/(¢)) .

Theorem 3.1. If f(z) e C\2)[0;/(¢)], then for any n> p—1

n+l

f(2)= Z L7 f(0)e”(2)+ R, (z: /), zeA, N (0;1(9)) (3.27)
k=0
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where

R(z ) =[P (z=nL" VP {f()}dt, z=ré?, t=1e”,0<T<r<l<+w.(3.28)
0

Proof. Let
Bz /)= Z L7 f(0)&”(2). (3.29)
k=0
We put
J@)=F(z/)=R,(z]). (3.30)

It is easy to see that according to Lemma 3.6 L'7P,(0;/)=L""f(0),
k=0,1,2,..,n, and consequently Zk/p[Rn(z;f)]‘ =0, k=0,1,...,n. Further,

z=0
since according to (3.15) L(”“)/p[g,ﬁp)(z)]‘ e 0, k=0,1,2,..,n, ze A, then
L"V'PIR (25 £)]= L"V'? f(2). Now consider the problem:
LVPIR (2 )= L7 f(2), (3.31)
'°[R,(51)] =0, k=0L.n. (332)

According to Lemma 3.4 this problem (3.31)—(3.32) has a unique solution
R,(z: /)= [ (z—0)L"V'” f(t)dt . It follows from formulae (3.28)~(3.30) that
0

f@)=2 L f(0)e (2)+ [ &l (z =) L™V f (1)t .
k=0 0
Theorem 3.1 is proved.
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