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Introduction. Given an algebra A4 =(A4,F) we define complex operations
for every ¢# 4,,...,A, = A and every n-ary f € F on the set p(4) of all non-
empty subsets of the set 4 by f(4,,...4,)=1{f(qa,,...,a,):a; € A4}. The algebra
CmA=(p(A),F) is called the complex algebra of 4.

The complex algebras (called also the globals or the powers of algebras)
were studied by several authors [1-7].

The notion of complex operations is widely used. In groups, for instance, a
coset xN is the complex product of the singleton {x} and the subgroup N. For a
lattice L, the set Id L of its ideals forms a lattice under the set inclusion. If L is
distributive, then its joint and meet in Id L are precisely the complex operations
obtained from the joint and meet of L, so Id L is a subalgebra of Cm L.

Now, consider the set CSub A of all (non-empty) subalgebras of algebra A.
This set may or may not be closed under complex operations. For instance, if A is
an Abelian group, it is closed; however, for the majority of groups it is not closed.
In the former case, CSub A4 is a subuniverse of Cm A and we call it a complex
algebra of subalgebras. We will say that 4 has the complex algebra of subalgebras
or that CSub A exists.

The algebra A4=(4,F) is called entropic (or medial), if it satisfies the

identity of mediality:
(S (Xpsenes X )seves [ (X senes X)) = S (X1 3es X )50 € (Kppseves X)) (1)
for every n-ary f € F and m-ary ge F .
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In other words, the algebra A is medial, if it satisfies the hyperidentity of
mediality [8—10]. Note that a groupoid is entropic, iff it satisfies the identity of
mediality [11]: xyuv = xu.yv.

Following [12], the algebra 4=(4, f) with one n-ary operation is called a
mono-n-ary algebra. It could be entropic, iff it satisfies the identity:

VAL CTRRNE )Ry A€ MR ) A 04 CTRENE 1) Ny A C HPNE ) B

A variety V is called entropic (or medial), if every algebra in V is entropic.
Algebra A is called idempotent (commutative), if every operation of A is
idempotent (commutative). An n-ary operation f is called commutative, if
S5 %g50005%,) = [ (Xp1)5 X259 Xu(my) » Where a €S, . The n-ary operation f is
called idempotent, if f(x,...,x)=x. An idempotent entropic algebra is called a
mode [6].

Definition 1. We say that a variety V (respectively, the algebra A) satisfies
the generalized entropic property, if for every n-ary operation f and m-ary operation
g of V' (of 4) there exist m-ary terms ¢,,...,¢, such that in V' (in 4) the below identity

holds
g(f(xll"""xnl)"“’f(xlm"""xnm)) zf(tl (xll""’xlm)"“’tn (xnl"“’xnm))‘ (2)

For example, a groupoid satisfies the generalized entropic property, if there
are binary terms ¢ and s such that xy.uv = t(x,u).s(y,v).

It was proved in [13] that for the variety V' of groupoids every groupoid in
has the complex algebra of subalgebras, iff V satisfies the above identity for some ¢
and s.

Example 1. Let R be a ring with a unit, G be a subgroup of the multiplicative
monoid of R, and X be a subset of G closed under conjugation by elements of X and
closed under the mapping x > 1 —x, where — is the ring subtraction.

If M is a left module over the ring R, we define for every element »€R a
binary operation r:M?* —> M by: r(x,y)=1—-r)x+ry.

Of course, the groupoid (M, r) is idempotent and entropic for every r e R.
Now consider the algebra M=(M, X), where X = {z|r € R} . For everyr,te X we
put s, =(1- ) 't(l-r)e X and s, = r'tre X, and we get

1 (x, %), r (W, ) = (L= =r)xy + L =0)rx, +t(1=r)y, +try, =

A=r)A=s)x +r(1=5,)x, +A=r)s,y, + 75,1, = 1(5,(x1,1),5, (X, 1,))-

So, the algebra M satisfies the generalized entropic property. On the
other hand, it is entropic, iff r¢=#r for all r,fe X. To check this we put
X, =y, =»,=0 and x, =1 in the previous identity.

If R is a non-commutative division ring, G is its multiplicative group and
X =R\ {0,1} , then M is a non-entropic idempotent algebra satisfying the genera-
lized entropic property.

Theorem 1. Every algebra in a variety 7 has the complex algebra of
subalgebras, iff the variety V satisfies the generalized entropic property.
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Proof. In [7].
The Main Result. The mono-n-ary algebra 4= (4, /) satisfies the generali-

zed entropic property, if there are n-ary terms ¢,...,¢, such that the below identity
holds:
PAGAC TR %) RN L SRS ) EJ A UYCTIRNE H) IR A SRS 44 B

Immediate consequences of the generalized entropic property in the
idempotent algebra 4 = (4, ) with one n-ary operation are the following identities

that can be treated as the laws of pseudo-distributivity:

f(tl(xllan'axln):lea'“axnl)zf(f(xllale:'“rxnl)’f(xlz7x219'“5xn1)9“'7f(x1n5x2n:'“,xn1))5

S s ees Xy by (w05 X)) B CF (X 1seves Xty ) eees S (K5 ee0s Xpy5-%,00)-
Theorem 2. An idempotent and commutative mono-n-ary algebra
A= (A4, [) satisfying the generalized entropic property is entropic.
Proof. Using the pseudo-distributivity and the commutativity we obtain
S @ (e X0, )5 X155 X)) R
SO Xa e X)) f (X0, X s Xy D (X5 X500 %)) &
S Qe X156 S (1505 X015 X1 ), oo [ (X5, X, Xy,)) =
S X pseees X158, (X 5eees X0, ) & f (8, (500 X0, )5 X 50000 X,y )-
Thus, we can show by the same manner that
SO X1,)s X s Xy ) R
S (X005 (X0 Xy,), Xy ,...,x(n_l)l) R R (X Xt (X5 X))
Now using the property of idempotency and the above identity we have
L e Xp,) R (G (e X1 )sees (X500 X)) R
S e 20,0585 (X e X0,)5 By (X e X s eees By (X 500 X ,)) R &
SO e X0, by (X e Xy )seeen by (X e X)) = f (X0 X))

Similarly, for ,,...,¢, we have

by (Xy15eees X0, ) R f (X sees Xy,

L (X1sees X)) R f (X ees X, ).
Thus, from the generalized entropic property and the last identities we have
VAGLCTINNS ) RISy A C RIS ) ) A UY € TR ) NN N C AT )

U
f(f(xll""’xln)""if(xnl""’xnn))'
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