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Introduction. Given an algebra ( , )A A F=  we define complex operations 

for every 1,..., nA A Aο ≠/ ⊆  and every n-ary f F∈ on the set ( )Aρ  of all non-
empty subsets of the set A by 1 1( ,..., ) { ( ,..., ) : }n n i if A A f a a a A= ∈ . The algebra 

( ( ), )Cm A A Fρ=  is called the complex algebra of A. 
The complex algebras (called also the globals or the powers of algebras) 

were studied by several authors [1–7].  
The notion of complex operations is widely used. In groups, for instance, a 

coset xN is the complex product of the singleton {x} and the subgroup N. For a 
lattice L, the set Id L of its ideals forms a lattice under the set inclusion. If L is 
distributive, then its joint and meet in Id L are precisely the complex operations 
obtained from the joint and meet of L, so Id L is a subalgebra of Cm L. 

Now, consider the set CSub A of all (non-empty) subalgebras of algebra A. 
This set may or may not be closed under complex operations. For instance, if A is 
an Abelian group, it is closed; however, for the majority of groups it is not closed. 
In the former case, CSub A is a subuniverse of Cm A and we call it a complex 
algebra of subalgebras. We will say that A has the complex algebra of subalgebras 
or that CSub A exists. 

The algebra ( , )A A F=  is called entropic (or medial), if it satisfies the 
identity of mediality:  
           11 1 1 11 1 1( ( ,..., ),..., ( ,..., )) ( ( ,..., ),..., ( ,..., ))n m nm m ng f x x f x x f g x x g x xnm=        (1) 
for every n-ary f F∈  and m-ary g F∈ . 
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In other words, the algebra A is medial, if it satisfies the hyperidentity of 
mediality [8–10]. Note that a groupoid is entropic, iff it satisfies the identity of 
mediality [11]:  . . .xy uv xu yv≈  

Following [12], the algebra ( , )A A f=  with one n-ary operation is called a 
mono-n-ary algebra. It could be entropic, iff it satisfies the identity: 

11 1 1 11 1 1( ( ,..., ),..., ( ,..., )) ( ( ,..., ),.., ( ,..., ))n n nn n nf f x x f x x f f x x f x xnn≈ . 
A variety V is called entropic (or medial), if every algebra in V is entropic. 

Algebra A is called idempotent (commutative), if every operation of A is 
idempotent (commutative). An n-ary operation f is called commutative, if 

1 2 (1) (2) ( )( , ,..., ) ( , ,..., )n nf x x x f x x xα α α nS= , where α ∈ . The n-ary operation f is 
called idempotent, if ( ,..., )f x x x= . An idempotent entropic algebra is called a 
mode [6].  

Definition 1. We say that a variety V (respectively, the algebra A) satisfies 
the generalized entropic property, if for every n-ary operation f and m-ary operation 
g of V (of A) there exist m-ary terms  such that in V (in A) the below identity 
holds  

1,..., nt t

           11 1 1 1 11 1 1( ( ,..., ),..., ( ,..., )) ( ( ,..., ),..., ( ,..., )).n m nm m n n ng f x x f x x f t x x t x x m=       (2) 
For example, a groupoid satisfies the generalized entropic property, if there 

are binary terms t and s such that . ( , ). ( , )xy uv t x u s y v≈ .  
It was proved in [13] that for the variety V of groupoids every groupoid in V 

has the complex algebra of subalgebras, iff V satisfies the above identity for some t 
and  s. 

Example 1. Let R be a ring with a unit, G be a subgroup of the multiplicative 
monoid of R, and X be a subset of G closed under conjugation by elements of X and 
closed under the mapping 1x x− , where – is the ring subtraction. 

If M is a left module over the ring R, we define for every element  a 
binary operation 

r R∈
2:r M M→  by : ( , ) (1 )r x y r x ry= − + . 

Of course, the groupoid (M, r) is idempotent and entropic for every . 
Now consider the algebra 

r R∈
M=(M, X), where { }X r r R= ∈ . For every  we 

put 

,r t X∈
1

1 (1 ) (1 )s r t r X−= − − ∈  and 1
2s r tr X−= ∈  , and we get  

1 2 1 2 1 2 1 2

1 1 2 2 1 1 2 2 1 1 1 2 2 2

( ( , ), ( , )) (1 )(1 ) (1 ) (1 )
(1 )(1 ) (1 ) (1 ) ( ( , ), ( , )).
t r x x r y y t r x t rx t r y try

r s x r s x r s y rs y r s x y s x y
≈ − − + − + − + ≈

− − + − + − + ≈
 

So, the algebra M satisfies the generalized entropic property. On the        
other hand, it is entropic, iff rt tr=  for all ,r t X∈ . To check this we put 

 and  in the previous identity. 1 1 2 0x y y= = = 2 1x =
If R is a non-commutative division ring, G is its multiplicative group and 
{ }\ 0,1X R= , then M is a non-entropic idempotent algebra satisfying the genera-

lized entropic property. 
T h e o r e m  1 .  Every algebra in a variety V has the complex algebra of 

subalgebras, iff the variety V satisfies the generalized entropic property. 
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Proof.  In  [7].  
The Main Result. The mono-n-ary algebra ( , )A A f=  satisfies the generali-

zed entropic property, if there are n-ary terms  such that the below identity 
holds: 

1,..., nt t

11 1 1 1 11 1 1( ( ,..., ),..., ( ,..., )) ( ( ,..., ),.., ( ,..., ))n n nn n n nf f x x f x x f t x x t x xnn≈ . 
Immediate consequences of the generalized entropic property in the 

idempotent algebra ( , )A A f=  with one n-ary operation are the following identities 
that can be treated as the laws of pseudo-distributivity: 

1 11 1 21 1 11 21 1 12 21 1 1 2 1

11 ( 1)1 1 11 ( 1)1 1 11 ( 1)1

( ( ,..., ), ,..., ) ( ( , ,..., ), ( , ,..., ),..., ( , ,..., )),

( ,..., , ( ,..., )) ( ( ,..., ,. ),..., ( ,..., ,. )).

n n n n n n

n n n nn n n n nn

f t x x x x f f x x x f x x x f x x x

f x x t x x f f x x x f x x x− − −

≈

≈

n

 

T h e o r e m  2 .  An idempotent and commutative mono-n-ary algebra 
( , )A A f=  satisfying the generalized entropic property is entropic. 

Proof. Using the pseudo-distributivity and the commutativity we obtain 

1 11 1 21 1

11 21 1 12 21 1 1 2 1

21 1 11 21 1 12 2 1 1

21 1 11 1 11

( ( ,..., ), ,..., )
( ( , ,..., ), ( , ,..., ),..., ( , ,..., ))
( ( ,..., , ), ( ,..., , ),..., ( ,..., , ))
( ,..., , ( ,..., )) ( ( ,.

n n

n n n n

n n n n

n n n n

f t x x x x
f f x x x f x x x f x x x
f f x x x f x x x f x x x
f x x t x x f t x

≈

n

n

≈

≈
≈ 1 21 1.., ), ,..., ).n nx x x

 

Thus, we can show by the same manner that 

1 11 1 21 1

1 2 11 1 21 ( 1)1 21 1 11 1

( ( ,..., ), ,..., )
( , ( ,..., ), ,..., ) ... ( ,..., , ( ,..., )).

n n

n n n n n

f t x x x x
f x t x x x x f x x t x x−

≈

≈ ≈ n
 

Now using the property of idempotency and the above identity we have 

1 11 1 1 11 1 1 11 1

1 11 1 2 11 1 1 11 1 1 11 1

1 11 1 2 11 1 11 1 11 1

( ,..., ) ( ( ,..., ),..., ( ,..., ))
( ( ,..., ), ( ,..., ), ( ,..., ),..., ( ,..., )) ...
( ( ,..., ), ( ,..., ),..., ( ,..., )) ( ,..., ).

n n n

n n n n

n n n n n

t x x f t x x t x x
f t x x t x x t x x t x x
f t x x t x x t x x f x x

≈ ≈

≈ ≈

≈
 

Similarly, for  we have  2 ,..., nt t

2 21 2 21 2

1 1

( ,..., ) ( ,..., ),

( ,..., ) ( ,..., ).

n n

n n nn n nn

t x x f x x

t x x f x x

≈

≈
 

Thus, from the generalized entropic property and the last identities we have 
11 1 1 1 11 1 1

11 1 1

( ( ,..., ),..., ( ,..., )) ( ( ,..., ),.., ( ,..., ))
( ( ,..., ),..., ( ,..., )).

n n nn n n n nn

n n nn

f f x x f x x f t x x t x x
f f x x f x x

≈ ≈
                   � 
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